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I. Introduction and Preliminaries 
We introduce and extending several inequalities to the field of non-commutative 

symmetric Banch function spaces. We generalize some classical inequalities for independent 

random variables, due to H. P. Rothenthal. Rosenthal inequality (Astoshkin & Maligranda, 

2004) was initially discovered to construct some new Banach spaces. However, Rosenthal 

inequality gives a good bound for the 𝑝 − 𝑛𝑜𝑟𝑚 of independent random variables and has 

found many generalizations and applications. 

The classical Rosenthal inequality (Montgmery-Smith, n.d.; Theorem3) assert that for 

p ≥ 2 and (xi) a sequence of independent, mean zero random variable in Lp(Ω), where 
(Ω, 𝑥, ℙ) is a probability space, we has 

‖∑ 𝑥𝑖
𝑛
𝑖=1 ‖𝐿𝑝(Ω) ≃𝑝 𝑚𝑎𝑥 {‖(𝑥𝑖)𝑖=1

𝑛 ‖𝐿𝑝(𝐿𝑝(Ω)), ‖(𝑥)𝑖=1
𝑛 ‖

𝐿2.(𝐿2(Ω))
},                   (1) 

1.1. Definition. Banach function space 𝐸 𝑜𝑛 (0, 𝛼) is called symmetric if for 𝑓 ∈
𝑆(0, 𝛼) 𝑎𝑛𝑑 𝑔 ∈ 𝐸 𝑤𝑖𝑡ℎ 𝜇(𝑓) ≤ 𝜇(𝑔) we have 𝑓 ∈ 𝐸 and ‖𝑓‖𝐸 ≤ ‖𝑔‖𝐸. 

Let (𝒩, 𝜏) be a semifinite von Neuman algebra then we can state the following 

definitions. 

1.2. Definition. For 𝜏 − 𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑒 operator 𝑥 (affiliated with 𝒩) 𝑎𝑛𝑑 𝑡 > 0, the 

singular value of 𝑥 is defined by: 

𝜇𝑡(𝑥): = 𝑖𝑛𝑓 {𝑆 ≥ 0: 𝜏 (𝒳[𝑆,∞)(|𝑥|)) ≤ 𝑡}. 

An equivalent formulation 𝜇𝑡(𝑥) = 𝑖𝑛𝑓{‖𝑥(1 − 𝑝)‖∞: 𝜏(𝑝) ≤ 𝑡}.  

1.3. Definition. Given a symmetric function space 𝐸 on (0, ∞), 𝑠𝑒𝑡 𝐸(𝒩, 𝜏) ≔
{𝑥; 𝜇(𝑥) ∈ 𝐸}. Then 𝐸(𝒩, 𝜏) is called the noncommutative symmetric space associated to 

𝒩 𝑎𝑛𝑑 𝐸.  

Now we describe a special case of the main result (Theorem 4.4 in  the following section 

4). Let 𝐸 be a separable symmetric Banach function space on (0, ∞) and ℳ be a semi finite 

von Neumann algebra. We denote by 𝐸(ℳ) the non commutative symmetric space associated 

with 𝐸 𝑎𝑛𝑑 ℳ. Let (𝒩𝑘) be a sequence of von Neumann subalgebra of the  ℳ , 𝒩 a common 

von Neumann sub algebra of the (𝒩𝑘) and suppose that (𝒩𝑘) is independent with respect to 

ℰ𝒩 , the conditional expectation with respect to 𝒩. Let (𝑥𝑘) be a sequence such that 𝑥𝑘 ∈
𝐸(𝒩𝑘) 𝑎𝑛𝑑 ℰ𝒩(𝑥𝑘) = 0 for all 𝑘. Let 𝑑𝑖𝑎𝑔(𝑥𝑘) denote the 𝑛 × 𝑛 diagonal matrix with 

𝑥1, … , 𝑥𝑛 on its diagonal. Then for any 𝑛  

             ‖∑ 𝑥𝑘
𝑛
𝑘=1 ‖𝐸(ℳ) ≃𝐸 𝑚𝑎𝑥 {‖𝑑𝑖𝑎𝑔(𝑥𝑘)𝑘=1

𝑛 ‖𝐸(ℳ𝑛(ℳ)), ‖(∑ 𝜀𝒩|𝑥𝑘
∗|2𝑛

𝑘=1 )
1

2‖
𝐸(ℳ)

},        (2) 
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provided 𝐸 satisfies one of the following conditions: 

(i)  either 𝐸 has Boyd indices satisfying 2 < 𝑝𝐸 ≤ 𝑞𝐸 < ∞,  

(ii) 𝐸 is a symmetric Banach function space which is an interpolation space for couple 

(𝐿2, 𝐿𝑝) and 𝑞 − 𝑐𝑜𝑛𝑐𝑎𝑣𝑒, for some 2 ≤ 𝑝 < ∞ and 𝑞 < ∞. 

Corresponding to the two conditions defined above, we need two different types of 

Khintchine inequalities in the proof of (2). Under condition (i), a key tool needed in proving 

the above generalization of Rosenthal's Theorem is the following Khintchine type inequality, 

considered in (Lemardy & Sukochev, 2008). Let ℳ be a semi-finite von Neumann algebra. 

Suppose 𝐸 is a symmetric Banach function space on (0, ∞) 𝑤𝑖𝑡ℎ 1 < 𝑝𝐸 ≤ 𝑞𝐸 < ∞ which is 

either separable or the dual of separable space. The main result in (Lemardy & Sukochev, 

2008). Theorem1.1 states that for any finite sequence (𝑥𝑘) 𝑖𝑛 𝐸(ℳ) and any Rademacher 

sequence (𝑟𝑘)𝑘=1
∞  we have  

             ‖∑ 𝑟𝑘⨂𝑥𝑘𝑘 ‖𝐸(𝐿∞(Ω)⨂̅ℳ) ≲𝐸 𝑚𝑎𝑥 {‖(𝑥𝑘)‖𝐸(ℳ;𝑙𝑐
2), ‖𝑥𝑘‖𝐸(ℳ;𝑙𝑟

2)}.                          (3) 

This inequality is derived by duality form the following inequality, which holds for a 

larger class of spaces: if 𝑞𝐸 < ∞, then 

             𝑖𝑛𝑓 {‖𝑦𝑘‖𝐸(ℳ;𝑙𝑐
2) + ‖(𝑧𝑘)‖𝐸(ℳ;𝑙𝑟

2)} ≲ 𝐸‖𝑟𝑘⨂𝑥𝑘‖𝐸(𝐿∞(Ω)⨂̅ℳ) ,  

where the infimum is taken  over all decompositions 𝑥𝑘 = 𝑦𝑘 + 𝑧𝑘. In the work by 

Astashkin (2010), it was left as an open question whether (3) holds if 𝑞𝐸 < ∞, with no further 

assumption on the lower Boyed index of E. We answer this question in the positive by giving 

a direct proof in the following 4.1 Theorem of section 4 . In fact, we obtain (3) also for quasi-

Banach function spaces and this proves to be essential for the proof of (2). 

For any finite sequence (𝑥𝑘) 𝑖𝑛 𝐸(ℳ) and Rademacher sequence (𝑟𝑘)𝑘=1
∞  we have  

                 𝐸‖∑ 𝑟𝑘𝑥𝑘
 
𝑘 ‖𝐸(ℳ) ≲ 𝑚𝑎𝑥{‖(𝑥𝑘)‖𝐸(ℳ);𝑙𝑐

2 , ‖(𝑥𝑘)‖𝐸(ℳ);𝑙𝑟
2}.                            (4) 

 

II. Symmetric Banach Function Spaces 

Let 0 < 𝛼 ≤ ∞. For a measurable , finite function 𝑓 𝑜𝑛 (0, 𝛼) we define its distribution 

function by 𝑑(𝑣; 𝑓) = 𝜆(𝑡 ∈ (0, 𝛼): |𝑓(𝑡)| > 𝑣 ) 𝑓𝑜𝑟 𝑣 > 0 ,   𝑤ℎ𝑒𝑟𝑒 𝜆 denotes Lebesgue 

measure. For 𝑓, 𝑔 ∈ (0, 𝛼) we say 𝑓 is submajorized by 𝑔 and we write 𝑓 ≺≺

𝑔 , 𝑖𝑓 ∫ 𝜇𝑠(𝑓)𝑑𝑠 ≤ ∫ 𝜇𝑠(𝑔)𝑑𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 > 0
𝑡

0

𝑡

0
. A quasi-Banach function space 𝐸 𝑜𝑛 (0, ∞) is 

called symmetric if for all ∈ 𝑆(0, 𝛼) 𝑎𝑛𝑑 𝑔 ∈ 𝐸 𝑤𝑖𝑡ℎ 𝜇(𝑓) ≤ 𝜇(𝑔) 𝑤𝑒 ℎ𝑎𝑣𝑒 ‖𝑓‖𝐸 ≤ ‖𝑔‖𝐸 . 

It is called strongly symmetric if , in addition, for 𝑓, 𝑔 ∈ 𝐸 𝑤𝑖𝑡ℎ 𝑓 ≺≺ 𝑔 we have ‖𝑓‖𝐸 ≤
‖𝑔‖𝐸. If , moreover, for 𝑓 ∈ 𝑆(0, 𝛼) 𝑎𝑛𝑑 𝑔 ∈ 𝐸 with 𝑓 ≺≺ 𝑔 it is follows that 𝑓 ∈ 𝐸 and 
‖𝑓‖𝐸 ≤ ‖𝑔‖𝐸 , then 𝐸 is called fully symmetric. Fully symmetric Banach function spaces on 

(0, 𝛼) are exact interpolation spaces for the couple (𝐿1(0, 𝛼), 𝐿∞(0, 𝛼)). The class of (fully) 

symmetric spaces covers many interesting spaces from harmonic a analysis and interpolation 

theory, which as Lorentz, Marcinkiewicz and Orlicz spaces. 

A symmetric (quasi-Banach function space is said to have a Fatou quasi-norm if for every 

net (𝑓𝛽) 𝑖𝑛 𝐸 𝑎𝑛𝑑 𝑓 ∈ 𝐸 satisfying 0 ≤ 𝑓𝛽 ↑ 𝑓 we have ‖𝑓𝛽‖
𝐸

↑ ‖𝑓‖𝐸 . The space 𝐸 is said to 

have the Fatou property if for every (𝑓𝛽) 𝑖𝑛 𝐸 𝑎𝑛𝑑 𝑓 ∈ 𝑆(0, 𝛼) satisfying 0 ≤ 𝑓𝛽 ↑ 𝑓 and 

𝑠𝑢𝑝𝛽‖𝑓𝛽‖
𝐸

< ∞ we have 𝑓 ∈ 𝐸 𝑎𝑛𝑑 ‖𝑓𝛽‖
𝐸

↑ ‖𝑓‖𝐸.   

Let ℳ be a von Neumann algebra equipped with a normal faithful trace state  𝜏: ℳ →
ℂ , 𝑡ℎ𝑎𝑡 𝑖𝑠 𝜏(1) = 1 𝑎𝑛𝑑 𝜏(𝑥𝑦) = 𝜏(𝑦𝑥) . Then 𝐿𝑝(ℳ, 𝜏) is completion  of ℳ with respect to 

‖𝑥‖𝑝 = [𝜏|𝑥|𝑝]
1

𝑝⁄ . It is well known (Johnson & Schechtman, 1988; Takesaki, 1972) that ‖. ‖𝑝 

is a norm for 1 ≤ 𝑝 ≤ ∞. In particular ‖. ‖∞ = ‖. ‖ . ‖. ‖ denote operator norm . Let 𝒩 ⊂ ℳ 

be a von Neumann subalgebra . Then there exist a unique conditional expectation ℰΝ: ℳ → 𝒩 

such that ℰ𝒩(1) = 1 𝑎𝑛𝑑 ℰ𝒩(𝑎𝑥𝑏) = 𝑎ℰ𝒩(𝑥)𝑏 , 𝑎, 𝑏 ∈ 𝒩 and ∈ ℳ . We say that two 
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subalgebras 𝒩 ⊂ 𝐴, 𝐵 ⊂ ℳ are independent over 𝒩 if  ℰ𝒩(𝑎𝑏) = ℰ𝒩(𝑎)ℰ𝒩(𝑏), 𝑎 ∈ 𝐴 , 𝑏 ∈
𝐵. 

For any 𝑥 ∈ 𝐿1 + 𝐿∞(ℳ) , ℰ(𝑥) is the unique element in 𝐿1 + 𝐿∞(𝒩) satisfying 

                     𝜏(𝑥𝑦) = 𝜏(ℰ(𝑥)𝑦), for all ∈ 𝐿1 ∩ 𝐿∞(𝒩).                                                                (5) 

The ℰ is called conditional expectation with respect to the von Neumann sub algebra 𝒩.   

2.1. Proposition (Johnson & Schechtman, 1988). Let ℳ be a von Neumann algebra 

equipped with a normal, semi-finite, faithful trace 𝜏 and let 𝒩 be a von Neumann subalgebra 

such that restriction of 𝜏 𝑡𝑜 𝒩 a gain semi-finite. Then there is a unique linear map ℰ: 𝐿1 +
𝐿∞(ℳ) → 𝐿1 + 𝐿∞(𝒩) satisfying the following properties : 

(a) ℰ(𝑥∗) = ℰ(𝑥)∗ ; 

(b) ℰ(𝑥) ≥ 0 𝑖𝑓 𝑥 ≥ 0 ;  

(c) 𝑖𝑓 𝑥 ≥ 0 and ℰ(𝑥) = 0 𝑡ℎ𝑒𝑛 𝑥 = 0 ;  

(d) ℰ(𝑥) = 𝑥 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥 ∈ 𝐿1 + 𝐿∞(𝒩) ;  

(e)ℰ(𝑥) ∗ ℰ(𝑥) ≤ ℰ(𝑥 ∗ 𝑥) 𝑓𝑜𝑟 𝑥 ∈ ℳ ;  

(f) ℰ is normal , i.e. 𝑥𝛼 ↑ 𝑥 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 ℰ(𝑥𝛼) ↑ ℰ(𝑥 ) 𝑓𝑜𝑟 (𝑥𝛼), 𝑥 ∈ ℳ ; 

(g)‖ℰ(𝑥)‖1 ≤ ‖𝑥‖1, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝐿1(ℳ), ‖ℰ(𝑥)‖∞ ≤ ‖𝑥‖∞ , for all 𝑥 ∈ 𝒩 and so 

ℰ(𝑥) ≺≺ 𝑥 for all ∈ 𝐿1 + 𝐿∞(ℳ) ; 

(h)ℰ(𝑥𝑦) = 𝑥ℰ(𝑦)   𝑖𝑓  𝑥 ∈ 𝐿1(𝒩) ,   𝑦 ∈ 𝐿∞(ℳ)  𝑎𝑛𝑑  ℰ(𝑥𝑦) = ℰ(𝑥)𝑦 whenever ∈
𝐿1(ℳ), 𝑦 ∈ 𝐿∞(𝒩) .  

2.2. Definition. Let 0 < 𝛼 ≤ ∞ 𝑎𝑛𝑑 𝑙𝑒𝑡 𝐸 be a symmetric quasi-Banach function space 

on (0, 𝛼). For any 0 < 𝛼 < ∞ we define the dilation operator 𝐷𝑛 𝑜𝑛 𝑆(0, 𝛼) by (𝐷𝑛𝑓)(𝑠) =
𝑓(𝑛𝑠)𝜒(0,𝛼)(𝑛𝑠) .  

If 𝐸 is a symmetric quasi-Banach function space on (0, 𝛼), then 𝐷𝑛 is a bounded linear 

operator.  

Define the lower Boyd index 𝑝𝐸 of 𝐸 by  

                  𝑝𝐸 = 𝑠𝑢𝑝 {𝑝 > 0 ∶  ∃ 𝑐 > 0 , ∀0 < 𝑛 ≤ 1 ‖𝐷𝑛𝑓‖𝐸 ≤ 𝑐𝑛
−1

𝑝 ‖𝑓‖𝐸}, 

and the upper Boyd index by 

                  𝑞𝐸 = 𝑖𝑛𝑓 {𝑞 > 0: ∃𝑐 > 0∀𝑛 ≥ 1 ‖𝐷𝑛𝑓‖𝐸 ≤ 𝑐𝑛
−1

𝑞 ‖𝑓‖𝐸   } .   

This above two definitions of lower and upper Boyd index can be denoted by  

                  𝑝𝐸 = lim
𝑠→∞

𝑙𝑜𝑔𝑠

𝑙𝑜𝑔‖𝐷1
𝑠⁄ ‖

=   
𝑙𝑜𝑔𝑠

𝑙𝑜𝑔‖𝐷1
𝑠⁄ ‖𝑠>1

𝑠𝑢𝑝
 , 

                  𝑞𝐸 = lim
𝑠→0

 
𝑙𝑜𝑔𝑠

𝑙𝑜𝑔‖𝐷1
𝑠⁄ ‖

=   
𝑙𝑜𝑔𝑠

𝑙𝑜𝑔‖𝐷1
𝑠⁄ ‖

0<𝑠<1
inf       .  

Note that 0 ≤ 𝑝𝐸 ≤ 𝑞𝐸 ≤ ∞. If 𝐸 is a symmetric Banach function space then 1 ≤ 𝑝𝐸 ≤
𝑞𝐸 ≤ ∞. Let 0 < 𝑝𝐸  ,  𝑞𝐸 ≤ ∞. A symmetric quasi-Banach function space 𝐸 is said to be 𝑝 −
𝑐𝑜𝑛𝑣𝑒𝑥 if there exists a constant 𝑐 > 0 such that for any finite sequence (𝑥𝑖)𝑖=1

𝑛  ,  

                 ‖(∑ |𝑥𝑖|𝑝𝑛
𝑖=1 )

1

𝑝‖
𝐸

≤ 𝑐(∑ ‖𝑥𝑖‖𝑝𝑛
𝑖=1 )

1

𝑝 ,    (𝑖𝑓 0 < 𝑝 < ∞) ,  

                 ‖  |𝑥𝑖|1≤𝑖≤𝑛
max   ‖𝐸 ≤ 𝑐   ‖𝑥𝑖‖𝐸1≤𝑖≤𝑛

max       (𝑖𝑓 𝑝 = ∞) .   

A symmetric quasi-Banach function space 𝐸 is said to be q-concave if there exists a 

constant 𝑐 > 0 such that for any finite sequence (𝑥𝑖)𝑖=1
𝑛  in 𝐸 we have (∑ ‖𝑥𝑖‖𝐸

𝑞𝑛
𝑖=1 )

1

𝑞 ≤

𝑐 ‖(∑ |𝑥𝑖|
𝑞𝑛

𝑖=1 )
1

𝑞‖
𝐸

, (𝑖𝑓 0 < 𝑞 < ∞),  

                  ‖𝑥𝑖‖𝐸 ≤ 𝑐‖   |𝑥𝑖|1≤𝑖≤𝑛
max  ‖𝐸   (𝑖𝑓  𝑞 = ∞)1≤𝑖≤𝑛

max   .   

We can conclude that every quasi-Banach function is ∞ − 𝑐𝑜𝑛𝑐𝑎𝑣𝑒 and any Banach 

function space is 1 − 𝑐𝑜𝑛𝑣𝑒𝑥. We note that if 𝐸 𝑖𝑠 𝑝 − 𝑐𝑜𝑛𝑣𝑒𝑥 then 𝑝𝐸 ≥ 𝑝 𝑎𝑛𝑑 𝑖𝑓 𝐸 𝑖𝑠 𝑞 −
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𝑐𝑜𝑛𝑐𝑎𝑣𝑒 𝑡ℎ𝑒𝑛 𝑞𝐸 ≤ 𝑞 . For 1 ≤ 𝑟 < ∞, let the r-concavification and r-convexification of 𝐸 be 

defined by 𝐸(𝑟) ≔ {𝑔 ∈ 𝑆(0, 𝛼): |𝑔| = 𝑓𝑟; 𝑓 ∈ 𝐸}, ‖𝑔‖𝐸(𝑟)
= ‖𝑓‖𝐸

𝑟   

𝐸(𝑟) ≔ {𝑔 ∈ 𝑆(0, 𝛼): |𝑔| = 𝑓
1

𝑟; 𝑓 ∈ 𝐸} , ‖𝑔‖
𝐸(𝑟) = ‖𝑓‖

𝐸

1

𝑟  , respectively (Lindenstrauss & 

Tzafriri, 1979) (p.53), if 𝐸 is a (symmetric) Banach function space, then 𝐸(𝑟) is a (symmetric) 

Banach function space. From the above definitions it follows that 𝑝𝐸(𝑟)
=

1

𝑟
𝑝𝐸  , 𝑞𝐸(𝑟)

=
1

𝑟
𝑞𝐸  , 𝑝𝐸(𝑟) = 𝑟𝑝𝐸  , 𝑞𝐸(𝑟) = 𝑟𝑞𝐸 .  

2.3. Lemma (Johnson & Schechtman, 1988). Let 𝐸 be a symmetric quasi-Banach 

function space. Then for every a constant 𝑝 > 0 there exists a constant 𝑐 > 0 𝑎𝑛𝑑 0 < 𝑟 ≤ 𝑝 

such that for all 𝑥𝑖 ∈ 𝐸  

                 ‖(∑ |𝑥𝑖|
𝑝∞

𝑖=1 )
1

𝑝‖
𝐸

≤ 𝑐(∑ ‖𝑥𝑖‖𝐸
𝑟∞

𝑖=1 )
1

𝑟.                                                (6) 

  For 𝑓 ∈ (0, 𝛼) we set  

 𝐾(𝑡, 𝑓; 𝐿𝑝 , 𝐿𝑞) = 𝑖𝑛𝑓 (‖𝑓0‖𝐿𝑝(0,𝛼) + ‖𝑓1‖𝐿𝑞(0,𝛼))𝑓 = 𝑓0 + 𝑓1  , (𝑡 > 0) 
 

 
. 

2.4. Theorem. Let 1 ≤ 𝑝 < 𝑞 ≤ ∞ 𝑎𝑛𝑑 
1

𝑝′
+

1

𝑝
= 1,

1

𝑞′
+

1

𝑞
= 1. Suppose 𝐸 is a 

separable Banach-function space on (0, 𝛼) and suppose 𝐸× is an interpolation space for the 

couple (𝐿𝑝′
(0, 𝛼), 𝐿𝑞′

(0, 𝛼)). Then 𝐸 is an interpolation space for the couple 

(𝐿𝑝(0, 𝛼), 𝐿𝑞(0, 𝛼)).  

2.5. Theorem. Let (𝑆, Σ, 𝜇) be a measure space and let 1 ≤ 𝑝, 𝑞 ≤ ∞. Then every 

interpolation space 𝐸 for the couple (𝐿𝑝(𝑆), 𝐿𝑞(𝑆)) is given by a k-method i.e., there is a 

Banach function space 𝑓 𝑜𝑛 (0, ∞) such that 𝑓 ∈ 𝐸 if and only if 𝑡 → 𝐾(𝑡, 𝑓; 𝐿𝑝, 𝐿𝑞) ∈ 𝑓 and 

there exist constants 𝑐, 𝐶 > 0 such that  

𝑐‖𝑡 → 𝐾(𝑡, 𝑓; 𝐿𝑝 , 𝐿𝑞)‖𝑓 ≤ ‖𝑓‖𝐸 ≤ 𝐶‖𝑇 ↦ 𝐾(𝑡, 𝑓; 𝐿𝑝, 𝐿𝑞)‖𝐹. 

2.6. Proposition. Let 1 ≤ 𝑝 ≤ 𝑞 ≤ ∞. Suppose 𝐸 is a symmetric quasi- Banach function 

space on (0, 𝛼) which is an interpolation space for couple (𝐿𝑝(0, 𝛼), 𝐿𝑞(0, 𝛼)). Then for any 

0 ≤ 𝑠 − 1 < ∞ , 𝐸(𝑠−1)  respectively 𝐸(𝑠−1) is an interpolation space for the couple 

(𝐿
𝑝

𝑠−1(0, 𝛼), 𝐿
𝑞

𝑠−1) respectively (𝐿𝑝(𝑠−1)(0, 𝛼), 𝐿𝑞(𝑠−1)(0, 𝛼)).   

Proof. By Theorem 2.5.  there exists a Banach function space 𝐹 such that  

‖𝑓‖𝐸 = ‖𝑡 ⟼ 𝐾(𝑡, 𝑓; 𝐿𝑝 , 𝐿𝑞)‖𝐹.  
For any 𝑝 > 0 𝑎𝑛𝑑 𝑎, 𝑏 ≥ 0, 𝛼𝑝(𝑎𝑝 + 𝑏𝑝) ≤ (𝑎 + 𝑏)𝑝 ≤ 𝛽𝑝(𝑎𝑝 + 𝑏𝑝), for some 

constants 𝛼𝑝, 𝛽𝑝 depending only on 𝑝. Using this fact, it is not difficult to show that there are 

constants depending only on 𝑠 such that  

             𝐾 (𝑡, |𝑓|
1

𝑠−1; 𝐿𝑝, 𝐿𝑞) ≃ 𝐾 (𝑡𝑠−1, 𝑓; 𝐿
𝑝

𝑠−1, 𝐿
𝑞

𝑠−1) . 

Let 𝑇 be a linear operator on 𝐿
𝑝

𝑠−1 + 𝐿
𝑞

𝑠−1 which is bounded on 𝐿
𝑝

𝑠−1 𝑎𝑛𝑑 𝐿
𝑞

𝑠−1. Then  

‖𝑇𝑓‖𝐸(𝑠−1)
≃ ‖𝑡 ⟼ 𝐾 (𝑡𝑠−1, 𝑇𝑓; 𝐿

𝑝

𝑠−1, 𝐿
𝑞

𝑠−1)

1

𝑠−1
‖

𝐹

≲ ‖𝑡 ↦

𝐾 (𝑡𝑠−1, 𝑓; 𝐿
𝑝

𝑠−1, 𝐿
𝑞

𝑠−1)

1

𝑠−1
‖

𝐹

≃ ‖𝑓‖𝐸(𝑠−1)
.  

We can similarly prove the  assertion for 𝐸(𝑠−1) . 

2.7. Lemma. Let 𝐸 be a symmetric quasi-Banach space on (0, 𝛼) 𝑤𝑖𝑡ℎ 𝑝𝐸 > 0 . Then 𝐸 

is an interpolation space for the couple (𝐿𝑝(0, 𝛼), 𝐿𝑞(0, 𝛼)) .  

Proof. Suppose first 𝑝𝐸 > 1. We claim that 𝐸 is fully symmetric up to a constants i.e., 

there is a constant 𝑐𝐸 > 0 depending only on 𝐸, such that if 𝑓 ∈ 𝑆(0, 𝛼), 𝑔 ∈ 𝐸 𝑎𝑛𝑑  𝑓 ≺≺ 𝑔, 
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then 𝑓 ∈ 𝐸 and ‖𝑓‖𝐸 ≤ 𝑐𝐸‖𝑔‖𝐸 . Let 𝑔∗∗(𝑡) =
1

𝑡
∫ 𝜇𝑠(𝑔)𝑑𝑠

𝑡

0
 be the Hardy –little wood maximal 

function of 𝑔. By (Johnson & Schechtman, 1988), Theorem (2i), the map 𝑔 → 𝑔∗∗ is abounded 

quasi-linear map on 𝐸 and ‖𝑔∗∗‖𝐸 ≤ 𝑐𝐸‖𝑔‖𝐸 . By assumption 𝑓∗∗ ≤ 𝑔∗∗ , so 𝑓∗∗ ∈ 𝐸 and 

‖𝑓∗∗‖𝐸 ≤ ‖𝑔∗∗‖𝐸 , 𝑎𝑠 𝐸 is symmetric . Finally , 𝜇(𝑓) ≤ 𝑓∗∗, 𝑠𝑜 𝑓 ∈ 𝐸 and ‖𝑓‖𝐸 = ‖𝜇(𝑓)‖𝐸 ≤
‖𝑓∗∗‖𝐸 . This completes the proof of the claim.  

2.8. Theorem (Kalton & Montgonetry-Smith, 2003). Let 𝐸 be a symmetric quasi-Banach 

function space on (0, 𝛼) which either has order continuous quasi-norm or has the Fatou 

property. Let 0 < 𝑝 < 𝑞 ≤ ∞. Then 𝐸 is an interpolation space for the couple 

(𝐿𝑝(0, 𝛼), 𝐿𝑞(0, 𝛼)) whenever one of the following conditions holds: 

(i) 𝑝 < 𝑝𝐸 ≤ 𝑞𝐸 < 𝑞; 

(ii) 𝐸 is p-convex with convexity equal to 1, for some 𝑞𝐸 > 𝑝; 

(iii) 𝐸 is 𝑟 − 𝑐𝑜𝑛𝑒𝑥 with convexity constant equal to 1, for some 0 < 𝑟 < ∞, 𝐸 is 𝑞 −
𝑐𝑜𝑛𝑐𝑎𝑣𝑒 with concavity constant equal to 1 and 𝑝𝐸 > 𝑝 ;  

(iv) 𝐸 is 𝑝 − 𝑐𝑜𝑛𝑣𝑒𝑥 with convexity constant equal to 1 and 𝑞 − 𝑐𝑜𝑛𝑐𝑎𝑣𝑒 .  

Proof. The first assertion is the well known Boyd interpolation theorem which was 

generalized to symmetric quasi-Banach function spaces in (Johnson & Schechtman, 1988), 

theorem3. To prove the second assertion suppose first that 𝑝 ≥ 1. Then 𝐸(𝑝) is a symmetric 

Banach function space and satisfies 𝑞𝐸(𝑝)
<

𝑞

𝑝
. Moreover, 𝐸(𝑝) has the Fatou property or is 

separable if 𝐸 is. By (Astoshkin & Maligranda, 2004), the theorem1, 𝐸(𝑝) is an interpolation 

space for the couple (𝐿1, 𝐿
𝑞

𝑝). By proposition 2.6 we now find that 𝐸 is an interpolation space 

for the couple (𝐿𝑝 , 𝐿𝑞). Finally , if 0 < 𝑝 < 1 then we find by the above that 𝐸
(

1

𝑝
)
 is an 

interpolation space for the couple (𝐿1, 𝐿
𝑞

𝑝). Hence , by proposition 2.6, 𝐸 is an interpolation 

space for the couple (𝐿𝑝 , 𝐿𝑞). The third assertion for 𝑞 = ∞ is proved in Lemma 2.7. For the 

remaining cases we may assume , by proposition 2.6 , that 𝑟 = 1. Under this assumption, 𝐸 is 

a symmetric Banach function space and hence we can deduce the result by duality. Observe 

that 𝐸 is separable , as 𝑞 < ∞. Moreover, 𝐸× 𝑖𝑠 𝑞′ − 𝑐𝑜𝑛𝑣𝑒𝑥 and 𝑞𝐸× < 𝑝′ , 𝑤ℎ𝑒𝑟𝑒 
1

𝑝′ +
1

𝑝
=

1 , 
1

𝑞′ +
1

𝑞
= 1 . By the second assertion we obtain that 𝐸× is an interpolation space for the 

couple (𝐿𝑞′
, 𝐿𝑝′

). The result now follows from Theorem 2.4. For the final assertion, suppose 

first that 𝑝 = 1, 𝑞 = ∞. Then 𝐸 is a symmetric Babach function space which is separable or 

has the Fatou property. Hence 𝐸 is fully symmetric under these assumptions and the result now 

well-known Calderon-Mitjagin theorem, (Kreĭn, Petunin, & Semenov, 1982), theorem 4.3. The 

case where 𝑝 > 1, 𝑞 = ∞ follows from this by proposition 2.6. If 𝑝 = 1, 𝑞 < ∞ , 𝑡ℎ𝑒𝑛 𝐸 is a 

separable symmetric Banach function space and in this case the result can be deduced from the 

case 𝑝 > 1, 𝑞 = ∞ by duality using theorem 2.4 in the interpolation space for the couple 

(𝐿1, 𝐿
𝑞

𝑝) . Therefore, by proposition 2.6, 𝐸 is an interpolation space for the couple (𝐿𝑝 , 𝐿𝑞).  

2.9. Theorem. For 1 ≤ 𝑝 < 𝑞 ≤ ∞. Suppose 𝐸 is a fully symmetric quasi-Banach 

function space on (0, 𝛼) which is an interpolation space for the couple (𝐿𝑝(0, 𝛼), 𝐿𝑞(0, 𝛼)). 

Let Μ be a semi-finite von Neumann algebra equipped with a normal, semi-finite, faithful trace 

𝜏 satisfying 𝜏(1) = 𝛼. Then 𝐸(Μ) is an interpolation space for the couple (𝐿𝑝(Μ), 𝐿𝑞(Μ)).  

Let (𝑟𝑘) be Rademacher sequence of independent {−1,1} − 𝑣𝑎𝑙𝑢𝑒𝑑 random variables on 

a probability space (Ω, Ϝ, ℙ) such 𝑃(𝑟𝑘 = 1) = 𝑃(𝑟𝑘 = −1) =
1

2
 for all k. Then for 1 < 𝑝 <

∞, then nth Rademacher projection  
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𝑅𝑛(𝑥) = ∑ 𝑟𝑗⨂ℇ𝑐1⨂̅Μ
𝑛
𝑗=1 ((𝑟𝑗⨂1)𝑥)                                                    (7) 

is bounded on 𝐿𝑝(𝐿∞(Ω)⨂̅Μ) and , moreover , for all 𝑛 ≥ 1 we have ‖𝑅𝑛‖ ≤ 𝑐𝑝, for 

some constant 𝑐𝑝 depending only on p. if 𝐸 is a symmetric quasi-Banach function space on 

(0, 𝛼) with 1 < 𝑝𝐸 ≤ 𝑞𝐸 < ∞ , we find by interpolation that 𝑅𝑛 defines a bounded projection 

in 𝐸(𝐿∞(Ω)⨂̅Μ) and ‖𝑅𝑛‖ ≤ 𝑐𝐸 for some 𝑛 ≥ 1, where 𝑐𝐸 is a constant depending only on 𝐸. 

We let 𝑅𝑎𝑑𝑛(𝐸) denote the image of 𝑅𝑛.  

 

III. Non-Commutative Khintchine Inequalities 
We prove two types of non commutative Khintchine inequalities for non commutative 

symmetric spaces the main results in this section are Theorem 3.1 and 3.11 below. Recall the 

notation  

‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐
2) = ‖(∑ 𝑥𝑖

∗𝑥𝑖𝑖 )
1

2‖
𝐸(ℳ;𝑙𝑟

2)
; ‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑟

2) = ‖(∑ 𝑥𝑖
∗𝑥𝑖𝑖 )

1

2‖
𝐸(ℳ)

 , 

for a finite sequence (𝑥𝑖) 𝑖𝑛 𝐸(ℳ).  

A normal faithful, semi-finite trace 𝜏 satisfying 𝜏(1) = 𝛼. Suppose 𝐸 is a symmetric 

quasi-Banach function space on (0, 𝛼) which is p-convex for some 0 < 𝑝 < ∞ and satisfies 

𝑞𝐸 < ∞. Then  

‖∑ 𝑟𝑖⨂𝑥𝑖𝑖 ‖𝐸(𝐿∞⨂̿ℳ) ≾𝐸 𝑚𝑎𝑥 {‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐
2), ‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑟

2)},                     (8) 

for any Rademacher sequence (𝑟𝑖) and any finite sequence (𝑥𝑖) in 𝐸(ℳ).  

3.1. Theorem (Lust-Piguard & Pisier, 1991). Let 1 ≤ 𝑞 < ∞ and let Μ be a von 

Neumann algebra equipped with a normal, faithful, semi-finite trace . If 2 ≤ 𝑞 < ∞ then  

𝐸‖∑ 𝑟𝑖𝑥𝑖𝑖 ‖𝐿𝑞(ℳ) ≃𝑞 𝑚𝑎𝑥 {‖(𝑥𝑖)‖𝐿𝑞(ℳ;𝑙𝑐
2), ‖(𝑥𝑖)‖𝐿𝑞(ℳ;𝑙𝑟

2)} ,  

For any finite sequence (𝑥𝑖) 𝑖𝑛 𝐿𝑞(ℳ). On the other hand, if 1 ≤ 𝑞 < 2 then 

𝐸‖𝑟𝑖𝑥𝑖‖𝐿𝑞(ℳ) ≃𝑞 𝑖𝑛𝑓 {‖(𝑦𝑖)‖𝐿𝑞(ℳ;𝑙𝑐
2) + ‖(𝑧𝑖)‖𝐿𝑞(ℳ;𝑙𝑟

2)}.  

where the infimum is taken over all decompositions 𝑥𝑖 = 𝑦𝑖 + 𝑧𝑖 in 𝐿𝑞(ℳ).  

3.2. Lemma.  Suppose that 0 < 𝛼 ≤ ∞. Let 𝐸 be a symmetric quasi-Banach function 

space on (0, 𝛼). For any 𝑞𝐸(0, ∞) define Φ𝑞: (0,1) → (0, ∞)  by Φ𝑞(𝑡) = 𝑡
−

1

𝑞 . If 𝑞𝐸 < 𝑞, then 

there is a constant 𝑐𝑞,𝐸 > 0 such that for any 𝑓 ∈ 𝐸 we have  

                              ‖𝑓⨂Φ𝑞‖
𝐸(0,𝛼)×(0,1)

≤ 𝑐𝑞,𝐸‖𝑓‖𝐸(0,𝛼).                                                              (9) 

Conversely if (9) holds for every 𝑓 ∈ 𝐸 𝑡ℎ𝑒𝑛 𝑞𝐸 ≤ 𝑞.  

Proof. Let 𝑞𝐸 < 𝑞 𝑎𝑛𝑑 𝑓 ∈ 𝐸+. We can note first that  

 ‖𝑓⨂Φ𝑞‖
𝐸(0,𝛼)×(0,1)

= ‖𝑓(𝑠)𝑡
−

1

𝑞‖
𝐸(0,𝛼)×(0,1)

≤

‖𝑓(𝑠) ∑ 2
𝑛+1

𝑞 𝜒(2−𝑛−1,2−𝑛]
∞
𝑛=0 ‖

𝐸(0,𝛼)×(0,1)
≤

             𝑐 (∑ 2
𝑟(𝑛+1)

𝑞 ‖𝑓(𝑠)𝜒(2−𝑛−1,2−𝑛]‖𝐸(0,𝛼)×(0,1)

∞
𝑛=0 )

1

𝑟

  ; 

Where 𝑐 > 0 𝑎𝑛𝑑 0 < 𝑟 ≤ 1 as in (6). 

Fix 𝑞 > 𝑞0 > 𝑞𝐸 . Observe that 𝑓(𝑠)𝜒(2−𝑛−1,2−𝑛](𝑡) has the same distribution on (0, 𝛼) ×

(0,1) 𝑎𝑠 𝐷2𝑛+1𝑓 𝑜𝑛 (0, 𝛼). Hence, as 𝐸 is symmetric, we finally obtain  

‖𝑓⨂Φ𝑞‖
𝐸(0,𝛼)×(0,1)

≤ 𝑐 (∑ 2
𝑟(

𝑛+`1

𝑞
)
‖𝐷2𝑛+1𝑓(𝑡)‖𝐸(0,𝛼)

𝑟∞
𝑛=1 )

1

𝑟

  

≤ 𝑐𝐶𝑞0
(∑ 2

𝑟(𝑛+1)

𝑞 2
−𝑟(𝑛+1)

𝑞0∞
𝑛=1 )

1

𝑟

‖𝑓‖𝐸(0,𝛼) ≲𝑞,𝐸 ‖𝑓‖𝐸(0,𝛼) as 𝑞 > 𝑞0.  
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To prove the second assertion notice first that since 𝜇(𝐷𝑠, 𝑓) ≤ 𝐷𝑠𝜇(𝑓) for all 𝑠 ∈
(0, ∞) 𝑎𝑛𝑑 𝑓 ∈ 𝐸, it suffices to show that for all 𝑠 > 1 𝑎𝑛𝑑 𝑓 ∈ 𝐸+ we have ‖𝐷𝑠𝑓‖𝐸 ≤

𝑐𝑠
−

1

𝑞‖𝑓‖𝐸. Fix 𝑎 ∈ (0,1) and observe that  

‖𝑓⨂Φ𝑞‖
𝐸(0,𝛼)×(0,1)

= ‖𝑓(𝑠)𝑡
−

1

𝑞‖
𝐸(0,𝛼)×(0,1)

≥ ‖𝑓(𝑠)𝑎
−

1

𝑞𝜒
(

2

𝑎
,𝑎]

(𝑡)‖
𝐸(0,𝛼)×(0,1)

=

𝑎
−

1

𝑞 ‖𝐷2

𝑎

𝑓‖
𝐸(0,𝛼)

 ,  

where in the final step we use that 𝑓(𝑠)𝜒
(

𝑎

2
,𝑎]

(𝑡) has the same distribution on (0, 𝛼). 

Hence  

‖𝐷2

𝑎

𝑓‖
𝐸

≤ 𝑎
1

𝑞‖𝑓⨂Φ𝑞‖
𝐸

≤ 𝑐𝑞,𝐸 (
2

𝑎
)

−
1

𝑞
2

1
𝑞

‖𝑓‖𝐸 .  

In other wise , for any 𝑠 ≥ 2 we obtain  

‖𝐷𝑠𝑓‖𝐸 ≤ 𝑐𝑞,𝐸2
1

𝑞𝑠
−

1

𝑞‖𝑓‖𝐸. Clearly this implies that 𝑞𝐸 ≤ 𝑞 .  

3.3. Lemma. Let 0 < 𝛼 ≤ ∞. 𝐹𝑜𝑟 0 < 𝑞 < ∞ 𝑙𝑒𝑡 Φ𝑞 in (0, 𝛼) → (0,1) be given by 

Φ𝑞(𝑡) = 𝑡
−

1

𝑞. Let 𝑓: (0, 𝛼) → [0, ∞] be measurable and a. e. finite. Then for every ≥ 0 .  

                                          𝑑(𝑣; 𝑓⨂Φ𝑞) = ∫ (
𝑓(𝑠)

𝑣
)

𝑞

𝑑𝑠 + 𝑑(𝑣; 𝑓)
 

{𝑓≤𝑣}
.  

Proof. By a change of variable. 

𝜆 ((𝑠, 𝑡) ∈ (0, 𝛼) → (0,1): 𝑓(𝑠)Φ𝑞(𝑡) > 𝑣) = ∫ 𝜆 (𝑠 ∈ (0, 𝛼): 𝑓(𝑠)𝑡
−

1

𝑞 > 𝑣) 𝑑𝑡

1

0

 

                                         = ∫ 𝜆(𝑠 ∈ (0, 𝛼): 𝑓(𝑠) > 𝑣𝑢)𝑞𝑢𝑞−1𝑑𝑢
1

0
 

= ∫ 𝜆 (𝑠 ∈ (0, 𝛼): 𝑚𝑖𝑛 (
𝑓(𝑠)

𝑣
, 1) > 𝑢) 𝑞𝑢𝑞−1𝑑𝑢 = ‖𝑚𝑖𝑛 (

𝑓

𝑣
, 1)‖

𝐿𝑞(0,𝛼)

𝑞

 

∞

0
  

                                          = ∫ (
𝑓(𝑠)

𝑣
)

𝑞

𝑑𝑠 + 𝜆(𝑠 ∈ (0, 𝛼): 𝑓(𝑠) > 𝑣)
 

{𝑓≤𝑣}
.  

3.4.Lemma.(Chebyshev,s inequality) Let 0 < 𝑞 < ∞ and 𝑥 ∈ 𝐿𝑞(Μ). Then for any > 0, 

𝑑(𝑣; 𝑥) ≤
‖𝑥‖

𝐿𝑞(Μ)
𝑞

𝑣𝑞
. 

3.5. Lemma. Let ℳ be a semi finite von Neumann algebra with a normal , semi-finite , 

faithful trace 𝜏 satisfying 𝜏(1) = 𝛼. Suppose 𝐸 is a symmetric quasi-Banach function space on 
(0, 𝛼) which is p-convex for some 0 < 𝑝 < ∞ and suppose that for any finite sequence (𝑥𝑘) 

of self-adjoint elements in 𝐸(ℳ) we have  

‖∑ 𝑟𝑘⨂𝑥𝑘𝑘 ‖𝐸(𝐿∞⨂̅ℳ) ≲𝐸 ‖(∑ 𝑥𝑘
2

𝑘 )
1

2‖
𝐸(ℳ)

 . 

Then, for any finite sequence (𝑥𝑘) 𝑖𝑛 𝐸(ℳ),  

‖∑ 𝑟𝑘⨂𝑥𝑘𝑘 ‖𝐸(𝐿∞⨂̅ℳ) ≲𝐸 𝑚𝑎𝑥 {‖(𝑥𝑘)‖𝐸(ℳ;𝑙𝑐
2), ‖(𝑥𝑘)‖𝐸(ℳ;𝑙𝑟

2)}.  

On the other hand, if we have  

𝔼‖∑ 𝑟𝑘𝑥𝑘𝑘 ‖𝐸(ℳ) ≲𝐸 ‖∑ 𝑥𝑘
2

𝐾 ‖𝐸(ℳ)  

for any finite sequence (𝑥𝑘) of self-adjoint elements in 𝐸(ℳ), then for any finite 

sequence (𝑥𝑘) 𝑖𝑛 𝐸(ℳ) ,  

𝔼‖∑ 𝑟𝑘𝑥𝑘𝑘 ‖𝐸(ℳ) ≲𝐸 𝑚𝑎𝑥 {‖(𝑥𝑘)‖𝐸(ℳ;𝑙𝑐
2), ‖(𝑥𝑘)‖𝐸(ℳ;𝑙𝑟

2)}.  

Proof. Let (𝑥𝑘)𝑘=1
𝑛  be any finite sequence in 𝐸(ℳ), put  

𝑥𝑘 = 𝑦𝑘 + 𝑖𝑧𝑘 , 𝑦𝑘
∗ = 𝑦𝑘, 𝑧𝑘

∗ = 𝑧𝑘, and notice that  

0 ≤ 𝑦𝑘
2, 𝑧𝑘

2 ≤ 𝑦𝑘
2 + 𝑧𝑘

2 =
1

2
(𝑥𝑘

∗𝑥𝑘 + 𝑥𝑘𝑥𝑘
∗), 1 ≤ 𝑘 ≤ 𝑛. Hence,  
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(∑ 𝑦𝑘
2

𝑘 )
1

2, (∑ 𝑧𝑘
2

𝑘 )
1

2 ≤ (∑
1

2
(|𝑥𝑘|2 + |𝑥𝑘

∗|2)𝑘 )

1

2
=

1

√𝑥
(∑ (|𝑥𝑘|2 + |𝑥𝑘

∗|2)𝑘 )
1

2. The assertion 

now readily follow from a straightforward computation. 

3.6. Theorem. Let. 0 < 𝛼 ≤ ∞ and let ℳ be a von Neumann algebra equipped with a 

normal, faithful, semi-finite trace 𝜏 satisfying 𝜏(1) = 𝛼. Suppose 𝐸 is a symmetric quasi- 

Banach function space on (0, 𝛼) whch is p-convex for some 0 < 𝑝 < ∞ 𝑎𝑛𝑑 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑞𝐸 <
∞. Then  

            ‖𝑟𝑖⨂𝑥𝑖‖𝐸(𝐿∞⨂̅ℳ) ≲𝐸 𝑚𝑎𝑥 {‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐
2), ‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑟

2)},                                     (10) 

For any Rademacher sequence (𝑟𝑖) and any finite sequence (𝑥𝑖) in 𝐸(ℳ). 

Proof. By Lemma 3.5, it suffices to consider the case where 𝑥1, … , 𝑥𝑛are self-adjoint. 

We begin by showing that for any 𝑞 ∈ [1, ∞)𝑎𝑛𝑑 𝑣 > 0  

            𝑑(𝑣; ∑ 𝑟𝑖⨂𝑥𝑖𝑖 ) ≤ 𝐶𝑞𝑑(𝑣; 𝑓⨂Φ𝑞),  

where 𝑓: (0, 𝛼) → [0, ∞] 𝑎𝑛𝑑 Φ𝑞: (0,1) → (0, ∞) are defined by 𝑓(𝑠) =

𝜇𝑠 ((∑ 𝑥𝑖
2

𝑖 )
1

2)  𝑎𝑛𝑑 𝑑𝑞(𝑡) = 𝑡
−

1

𝑞 𝑎𝑛𝑑 𝐶𝑞 is constant depending only on 𝑞. Fix 𝑣 > 0. Define 

�̂�𝑣 = 1⨂𝑒𝑣, where 𝑒𝑣 = 𝑒(∑ 𝑥𝑖
2

𝑖 )
1
2
[0, 𝑣], then �̂�𝑣

1

𝑣
= 1⨂𝑒

1

𝑣
= 1⨂𝑒(∑ 𝑥𝑖

2
𝑖 )

1
2
(𝑣, ∞). Since 

𝑑(𝑣; 𝑎 + 𝑏) ≤ 𝑑 (
𝑣

2
; 𝑞) + 𝑑 (

𝑣

4
; �̂� 

1

𝑣
∑ 𝑟𝑖⨂𝑥𝑖�̂�

1

𝑣𝑖 ). Recall that if 𝑦 ∈ 𝑆(𝜏) 𝑎𝑛𝑑 𝑒 is a finite trace 

projection in  , then 𝜇𝑡(𝑦𝑒) = 𝜇𝑡(𝑒𝑦) = 0 𝑓𝑜𝑟 𝑡 > 𝜏(𝑒) . Hence  

𝑑 (𝑣; �̂�
1

𝑣
∑ 𝑟𝑖⨂𝑥𝑖�̂�𝑣𝑖 ) ≤ 𝔼⨂𝜏 (�̂�

1

𝑣
) = 𝜏 (𝑒

1

𝑣
) = 𝑑 (𝑣; (∑ |𝑥𝑖|

2
𝑖 )

1

2) = 𝑑(𝑣; 𝑓), and 

analogously,  

𝑑 (𝑣; �̂�𝑣 ∑ 𝑟𝑖⨂𝑥𝑖�̂�
1

𝑣𝑖 ) , 𝑑 (𝑣; �̂�
1

𝑣
∑ 𝑟𝑖⨂𝑥𝑖�̂�

1

𝑣𝑖 ) ≤ 𝑑 (𝑣; (∑ |𝑥𝑖|
2

𝑖 )
1

2) = 𝑑(𝑣; 𝑓).  

We estimate the remaining term using the noncommutative Khintchine inequality in 𝐿𝑞(𝑀) 

(Theorem3.1) see for example (Lindenstrauss & Tzafriri, 1979), (Theorem 1.e.13) and Lemma 

3.4. The proof is complete. 

We can obtain the following result of Theorem 3.6 for spaces with 𝑞𝐸 < 2 .  

3.7. Theorem. Let ℳ be a von Neumann algebra equipped with a normal faithful trace 

𝜏 satisfying 𝜏(1) = 𝛼. 𝐸 is a symmetric quasi-Banach function space on (0, 𝛼) which is p-

convex for some 0 < 𝑝 < ∞ and suppose 𝑞𝐸 < 2. Then for any finite sequence (𝑥𝑖) 𝑖𝑛 𝐸(Μ) 

we have  

                ‖∑ 𝑟𝑖⨂𝑥𝑖𝑖 ‖𝐸(𝐿∞⨂̅ℳ) ≤𝑐𝐸
𝑖𝑛𝑓 {‖(𝑦𝑖)‖𝐸(ℳ;𝑙𝑐

2) + ‖(𝑧𝑖)‖𝐸(ℳ;𝑙𝑟
2)},                       (11) 

Where the infimum is taken over the decompositions 𝑥𝑖 = 𝑦𝑖 + 𝑧𝑖 in 𝐸(ℳ). If 𝐸 is a 

symmetric Banach function space on (0, ∞) which is separable or the dual of a separable space 

and satisfies 𝑞𝐸 < 2 then  

               ‖∑ 𝑟𝑖⨂𝑥𝑖𝑖 ‖𝐸(L∞⨂̅ℳ) ≃𝐸 𝑖𝑛𝑓 {‖(𝑦𝑖)‖𝐸(ℳ;𝑙𝑐
2) + ‖(𝑧𝑖)‖𝐸(ℳ;𝑙𝑟

2)}.  

Proof. Fix 𝑦𝑖 , 𝑧𝑖 𝑖𝑛 𝐸(ℳ) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥𝑖 = 𝑦𝑖 + 𝑧𝑖  𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑛 . Fix 𝑣 > 0 and 𝑞𝐸 <

𝑞 < 2. Define 𝑦 = (|𝑦𝑖|
2)

1

2 , 𝑧 = (∑|𝑧𝑖
∗|2)

1

2 and set �̂�𝑣
𝑦

= 1⨂𝑒𝑣
𝑦

 , �̂�𝑣
𝑧 = 1⨂𝑒𝑣

𝑧. Set 𝑓𝑦(𝑠) =

𝜇𝑠(𝑦), 𝑓𝑧(𝑠) = 𝜇𝑠(𝑧) and 𝑓(𝑠) = 𝜇𝑠(𝑦 + 𝑧). We first note that  

𝑑(𝑣; ∑ 𝑟𝑖⨂𝑥𝑖𝑖 ) ≤ 𝑑 (
𝑣

16
; �̂�𝑣

𝑦
�̂�𝑣

𝑧 ∑ 𝑟𝑖⨂𝑥𝑖�̂�𝑣
𝑦

�̂�𝑣
𝑧

𝑖 ) + 𝑑 (
𝑣

16
; �̂�𝑣

𝑦
�̂�𝑣

𝑧 ∑ 𝑟𝑖⨂𝑥𝑖�̂�𝑣
𝑦(�̂�𝑣

𝑧)⊥
𝑖 )  

+𝑑 (
𝑣

8
; �̂�𝑣

𝑦
�̂�𝑣

𝑧 ∑ 𝑟𝑖⨂𝑥𝑖(�̂�𝑣
𝑦

)
⊥

𝑖 ) + 𝑑 (
𝑣

4
; �̂�𝑣

𝑦(�̂�𝑣
𝑧)⊥ ∑ 𝑟𝑖⨂𝑥𝑖𝑖 ) + 𝑑 (

𝑣

2
; (�̂�𝑣

𝑦
)

⊥
∑ 𝑟𝑖⨂𝑥𝑖𝑖 ) . 

Reasoning as in the proof of Theorem 3.6 we obtain by Chebyshev,s inequality , Kahane,s 

inequality and the non-commutative Khintchine inequality for 𝐿𝑞(ℳ),  

      𝑑(𝑣; �̂�𝑣
𝑦

�̂�𝑣
𝑧(∑ 𝑟𝑖⨂𝑥𝑖𝑖 )�̂�𝑣

𝑦
�̂�𝑣

𝑧) ≲𝑞 𝑑(𝑣; 𝑓𝑦⨂Φ𝑞) + 𝑑(𝑣; 𝑓𝑧⨂Φ𝑞) ≤ 𝑑(𝑣; 𝑓⨂Φ𝑞).  

Moreover,  
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              𝑑 (
𝑣

16
; �̂�𝑣

𝑦
�̂�𝑣

𝑧 ∑ 𝑟𝑖⨂𝑥𝑖�̂�𝑣
𝑦(�̂�𝑣

𝑧)⊥
𝑖 ) ≤ 𝔼⨂𝜏((�̂�𝑣

𝑧)⊥) = 𝑑(𝑣; 𝑧) ≤ 𝑑(𝑣; 𝑓𝑧⨂Φ𝑞) , 

and similarly we find that  

𝑑 (
𝑣

8
; �̂�𝑣

𝑦
�̂�𝑣

𝑧 ∑ 𝑟𝑖⨂𝑥𝑖�̂�𝑣
𝑦(�̂�𝑣

𝑧)⊥, 𝑑 (
𝑣

4
; �̂�𝑣

𝑦(�̂�𝑣
𝑧)⊥ ∑ 𝑟𝑖⨂𝑥𝑖𝑖 ) , 𝑑 (

𝑣

2
; (�̂�𝑣

𝑦
)

⊥
∑ 𝑟𝑖⨂𝑥𝑖𝑖 )𝑖 )  

are bounded by 𝑑(𝑣; 𝑓⨂Φ𝑞). We conclude that there is a constant 𝐶𝑞 depending only on 

𝑞 such that for all > 0 ,  

             𝑑(𝑣; ∑ 𝑟𝑖⨂𝑥𝑖𝑖 ) ≤ 𝐶𝑞𝑑(𝑣; 𝑓⨂Φ𝑞) . 

Since the dilation 𝐷𝐶𝑞
−1 is bounded on 𝐸, we obtain by Lemma 3.3  

             ‖∑ 𝑟𝑖⨂𝑥𝑖𝑖 ‖𝐸(𝐿∞ ⨂̅𝑀) ≲𝑞,𝐸 ‖𝑓⨂Φ𝑞‖
𝐸(0,𝛼)×(0,1)

≲𝑞,𝐸 ‖𝑓‖𝐸(0,𝛼)  

             ≲𝑞,𝐸 ‖(∑ |𝑦𝑖|
2

𝑖 )
1

2‖
𝐸(𝑀)

+ ‖(∑ |𝑧𝑖
∗|2

𝑖 )
1

2‖
𝐸(𝑀)

 . 

By taking the infimum over all possible decompositions 𝑥𝑖 = 𝑦𝑖 + 𝑧𝑖 in 𝐸(𝑀) we obtain 

(11). The final statement follows from (Lemardy & Sukochev, 2008), Theorem 1.1.(1), which 

states that the reverse of the inequality in (11) holds if 𝐸 is separable or dual of a separable 

space and 𝑞𝐸 < ∞.   

3.8. Corollary. Let ℳ be semi-finite von Neumann algebra . Suppose 𝐸 is a separable 

symmetric Banach function space on (0, ∞) with 𝑝𝐸 > 1. Then for any finite sequence 

(𝑥𝑖) 𝑖𝑛 𝐸(ℳ),  

             𝑖𝑛𝑓 {‖(𝑦𝑖)‖𝐸(ℳ;𝑙𝑐
2 ) + ‖(𝑧𝑖)‖𝐸(ℳ;𝑙𝑟

2)} ≲𝐸 ‖∑ 𝑟𝑖⨂𝑥𝑖𝑖 ‖𝐸(𝐿∞⨂̅ℳ),                         (12)  

where the infimum is taken over all decompositions 𝑥𝑖 = 𝑦𝑖 + 𝑧𝑖 in 𝐸(ℳ). If 𝑝𝐸 > 2 

then  

             𝑚𝑎𝑥 {‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐
2 ), ‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑟

2)} ≲𝐸 ‖∑ 𝑟𝑖⨂𝑥𝑖𝑖 ‖𝐸(𝐿∞⨂̅ℳ) .  

In the proof of theorem 3.6 and 3.7 we can use the non-commutative Khintchine 

inequalities in (Junge & Xu, 2008), remark 3-5 to obtain the following version where the 

Rademacher sequence is replaced by a sequence of independent non-commutative variables.  

3.9. Corollary. Let ℳ, 𝑁 be a von Neumann algebras equipped with normal, faithful 

finite trace  𝑎𝑛𝑑 𝜎 , respectively, satisfying 𝜏(1) = 𝛼 and 𝜎(1) = 𝛽. Suppose 𝐸 is a p-convex 

0 < 𝑝 < ∞ symmetric quasi-Banach function space on (0, 𝛼𝛽) 𝑤𝑖𝑡ℎ 𝑞𝐸 < ∞. Let 𝑞 >
𝑚𝑎𝑥{2, 𝑞𝐸} and (𝛼𝑖)𝑖≥1 be a sequence in 𝐿𝑞(𝑁) which is independent with respect to 𝜎, 

satisfying 𝜎(𝛼𝑖) = 0 and is such that 𝑑𝑞 = 𝑠𝑢𝑝𝑖≥1‖𝛼𝑖‖𝑞 < ∞. Then  

               ‖∑ 𝛼𝑖⨂𝑥𝑖𝑖 ‖𝐸(𝑁⨂̿ℳ) ≲𝐸,𝑑𝑞
𝑚𝑎𝑥 {‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐

2 ), ‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑟
2)},  

for any finite sequence (𝑥𝑖) 𝑖𝑛 𝐸(𝑀). If 𝑞𝐸 < 2 then  

              ‖ ∑ 𝛼𝑖⨂𝑥𝑖𝑖 ‖𝐸 (𝑁⨂̅ℳ) ≲𝐸,𝑑𝑞
𝑖𝑛𝑓 {‖(𝑦𝑘)‖𝐸(ℳ;𝑙𝑐

2) + ‖(𝑧𝑖)‖𝐸(ℳ;𝑙𝑟
2)} , 

Where the infimum is taken over all decompositions 𝑥𝑖 = 𝑦𝑖 + 𝑧𝑖  𝑖𝑛 𝐸(ℳ) .  

3.10. Theorem. Suppose 𝐸 is a symmetric quasi-Banach function on (0, ∞) which is p-

convex for some 0 < 𝑝 < ∞. Then the following are equivalent.  

(i) The inequality (10) holds for any semi-finite von Neumann algebra ℳ ; 

(ii) 𝑞𝐸 < ∞.  

Proof. Moreover, if this is the case and if 𝐸 is either a separable symmetric Banach 

function space or the dual of separable symmetric space, then  

‖(𝑥𝑘)‖𝐸(ℳ;𝑙𝑐
2)+𝐸(ℳ;𝑙𝑟

2) ≲𝐸 ‖∑ 𝑟𝑘⨂𝑥𝑘𝑘 ‖𝐸(𝐿∞⨂̅ℳ) ≲𝐸(ℳ;𝑙𝑐
2)∩𝐸(ℳ;𝑙𝑟

2).  

It remains to prove (𝑖) ⇒ (𝑖𝑖) . Suppose 𝑞𝐸 = ∞. It follows by (Lindenstrauss & Tzafriri, 

1979), proposition 2.b.7, that for every 𝜀 > 0 there exists a sequence (𝑥𝑖)𝑖=1
𝑛  of mutually 

disjoint independent distributed in 𝐸 such that ‖𝑥𝑖‖ = 1 for all 𝑖 and 1 ≤ ‖∑ 𝑥𝑖
𝑛
𝑖=1 ‖𝐸(0,𝛼) <

1 + 𝜀 . One can show that (10) cannot hold for 𝑀 = 𝐿∞(0,1), by proceeding as in the proof of 
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(Junge, 2002), corollary 1. The final assertion follows by (Lemardy & Sukochev, 2008), 

theorem 1.1.(1). 

3.11. Theorem. Let ℳ be a von Neumann algebra equipped with a normal, semi-finite 

faithful trace 𝜏 satisfying 𝜏(1) = 1. Suppose 𝐸 is a symmetric quasi-Banach function space on 
(0, ∞) which is p-convex for some 0 < 𝑝 < ∞ and 𝑟 − 𝑐𝑜𝑛𝑐𝑎𝑣𝑒  for some < ∞ . Then  

              𝔼‖∑ 𝑟𝑖𝑥𝑖𝑖 ‖𝐸(ℳ) ≲𝐸 𝑚𝑎𝑥 {‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐
2), ‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑟

2)},                                 (13)  

for any Rademacher sequence (𝑟𝑖) and any finite sequence (𝑥𝑖)  in  𝐸(ℳ) .  

Proof . By Lemma 3.5, it suffices to consider the case where 𝑥1, … , 𝑥𝑛 are self-adjoin. 

Fix 𝑞 ≥ 1 such that 𝑞 > 𝑟 and define 𝑓: (0, 𝛼) → [0, ∞] by 𝑓(𝑠) = 𝜇𝑠 ((∑ 𝑥𝑖
2

𝑖 )
1

2)  𝑎𝑛𝑑 Φ𝑞 =

𝑡
1

𝑞. Since 𝐸 is 𝑞 − 𝑐𝑜𝑛𝑐𝑎𝑣𝑒 for any 𝑞 ≥ 𝑟  

              𝔼‖∑ 𝑟𝑖𝑥𝑖𝑖 ‖𝐸(𝑀) ≤ (‖𝜇(∑ 𝑟𝑖𝑥𝑖𝑖 )‖
𝐸(𝑀)
𝑞  

)
1

𝑞 ≤ 𝐶𝑞(𝐸) ‖(𝔼𝜇(∑ 𝑟𝑖𝑥𝑖𝑖 )𝑞)
1

𝑞‖
𝐸

,  

Where 𝐶𝑞  
 (𝐸) is 𝑞 − 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑡𝑦 constant of 𝐸. Fix 𝑣 > 0 and set 𝑒𝑣 = 𝑒(∑ |𝑥𝑖|2

𝑖 )
1
2
[0, 𝑣]. 

Recall that 𝜇𝑡(𝑎 + 𝑏) ≤ 𝜇𝑡

2

(𝑎) + 𝜇𝑡

2

(𝑏) and 𝑑(𝑣; 𝑎 + 𝑏) ≤ 𝑑 (
𝑣

2
; 𝑎) + 𝑑 (

𝑣

2
; 𝑏) for all 𝑎, 𝑏 ∈

𝑆(𝑡). Hence, by the triangle inequality in 𝐿𝑞(Ω), we have for any 𝑣 > 0   

𝑑 (𝑣; (𝔼(|𝜇(∑ 𝑟𝑖𝑥𝑖𝑖 )|𝑞)
1

𝑞))                                                           (14) 

                ≤ 𝑑 (
𝑣

4
; (𝔼 |𝐷1

4

𝜇(𝑒𝑣 ∑ 𝑟𝑖𝑥𝑖𝑒𝑣𝑖 )|
𝑞

)

1

𝑞

) + 𝑑 (
𝑣

4
; (𝔼 |𝐷1

4

𝜇(𝑒𝑣
⊥ ∑ 𝑟𝑖𝑥𝑖𝑒𝑣𝑖 )|

𝑞

)

1

𝑞

) . 

               +𝑑 (
𝑣

4
; (𝔼 |𝐷1

4

𝜇(𝑒𝑣 ∑ 𝑟𝑖𝑥𝑖𝑒𝑣
⊥

𝑖 )|
𝑞

)

1

𝑞

) + 𝑑 (
𝑣

4
; (𝔼 |𝐷1

4

𝜇(𝑒𝑣
⊥ ∑ 𝑟𝑖𝑥𝑖𝑒𝑣

⊥
𝑖 )|

𝑞

)

1

𝑞

) . 

Recall that if 𝑒 is a finite trace projection we have 𝜇𝑡(𝑦𝑒) = 𝜇𝑡(𝑒𝑦) = 0 for all 𝑡 ≥ 𝜏(𝑒).  
Therefore, 

               𝑑 (
𝑣

4
; (𝔼 |𝐷1

4

𝜇(𝑒𝑣
⊥ ∑ 𝑟𝑖𝑥𝑖𝑒𝑣𝑖 )|

𝑞

)

1

𝑞

) ≤ 4𝑑 (𝑣; (∑ |𝑥𝑖|
2

𝑖 )
1

2) = 4𝑑(𝑣; 𝑓), 

and analogously,  

𝑑 (
𝑣

4
; (𝔼 |𝐷1

4

𝜇(𝑒𝑣 ∑ 𝑟𝑖𝑥𝑖𝑒𝑣
⊥

𝑖 )|
𝑞

)

1

𝑞

) , 𝑑 ( (
𝑣

4
; 𝔼 |𝐷1

4

𝜇(𝑒𝑣
⊥ ∑ 𝑟𝑖𝑥𝑖𝑒𝑣

⊥
𝑖 )|

𝑞

)

1

4

) ≤ 4𝑑(𝑣; 𝑓) . 

We estimate the final term in (12) using the non-commutative Khintchine inequality in 

𝐿𝑞(ℳ) (Theorem 3.1) and Chebyshev's inequality (Lemma 3.5) . We obtain  

𝑣𝑞𝑑 (𝑣; (𝔼 (𝐷1

4

𝜇 ∑ 𝑟𝑖𝑒𝑣𝑥𝑖𝑒𝑣𝑖 )
𝑞

)

1

𝑞

) = 𝑣𝑞𝜆 ((𝑡 ∈ (0, ∞): 𝔼 (𝜇1

4

∑ 𝑟𝑖𝑒𝑣𝑥𝑖𝑒𝑣𝑖 )
𝑞

) > 𝑣𝑞)  

             ≤ ∫ 𝔼 (𝜇1

4

(∑ 𝑟𝑖𝑒𝑣𝑥𝑖𝑒𝑣𝑖 )𝑞) 𝑑𝑡 = 𝔼 ‖𝐷1

4

𝜇(∑ 𝑟𝑖𝑒𝑣𝑥𝑖𝑒𝑣𝑖 )‖
𝐿𝑞(0,∞)

𝑞
∞

0
  

             = 4𝑞𝔼‖∑ 𝑟𝑖𝑒𝑣𝑥𝑖𝑒𝑣𝑖 ‖
𝐿𝑞(Μ)
𝑞 ≤ 4𝑞𝐾𝑞,1

𝑞 (𝔼‖∑ 𝑟𝑖𝑒𝑣𝑥𝑖𝑒𝑣𝑖 ‖𝐿𝑞(Μ))
𝑞
  

             ≤ 4𝑞𝐾𝑞,1
𝑞 𝐵𝑞

𝑞 ‖(∑ |𝑒𝑣𝑥𝑖𝑒𝑣|2
𝑖 )

1

2‖
𝐿𝑞(Μ)

𝑞

≤ 4𝑞𝐾𝑞,1
𝑞 𝐵𝑞

𝑞
∫ 𝑓(𝑠)𝑞𝑑𝑠,

 

{𝑓≤𝑣}
    

where the last inequality follows by (10) and 𝐵𝑞 𝑎𝑛𝑑 𝐾𝑞,1 are the constants in the 

commutative Khintchine inequality and Kahane,s inequality (Lindenstrauss & Tzafriri, 1979; 

theorem 1.e.13).  By Lemma 3.4 we have 𝑣−𝑞 ∫ 𝑓(𝑠)𝑞𝑑𝑠 + 𝑑(𝑣; 𝑓) = 𝑑(𝑣; 𝑓⨂Φ𝑞)
 

{𝑓≤𝑣}
 for all 

𝑣 > 0 and hence there is a constant 𝐶𝑞 > 0 such that for any > 0 ,  
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𝑑 (𝑣; (𝔼|𝜇𝑡(∑ 𝑟𝑖𝑥𝑖𝑖 )|𝑞)
1

𝑞) ≤ 𝐶𝑞𝑑 (
𝑣

4
; 𝑓⨂Φ𝑞). 

Since the dilation operator 𝐷𝐶𝑞
−1 is bounded on 𝐸 we obtain  

‖(𝔼|𝜇𝑡(∑ 𝑟𝑖𝑥𝑖𝑖 )|𝑞)
1

𝑞‖
𝐸

≲𝑞,𝐸 ‖𝑓⨂Φ𝑞‖
𝐸

 . 

Since the r-concavity of 𝐸 implies that 𝑞𝐸 ≤ 𝑟 < 𝑞 < ∞, an application of Lemma 3.3 

completes the proof. 

3.12. Corollary. Let ℳ be a semi-finite von Neumann algebra. Suppose 𝐸 is a separable 

symmetric Banach function space on (0, ∞) which is p-convex for some 𝑝 > 1. Then, for any 

finite sequence (𝑥𝑖) in (ℳ) ,  

              𝑖𝑛𝑓 {‖(𝑦𝑖)‖𝐸(ℳ;𝑙𝑐
2) + ‖(𝑧𝑖)‖𝐸(ℳ;𝑙𝑟

2)} ≲𝐸 𝔼‖∑ 𝑟𝑖𝑥𝑖𝑖 ‖𝐸(ℳ),                                     (15) 

where the infimum is taken over all decompositions 𝑥𝑖 = 𝑦𝑖 + 𝑧𝑖 𝑖𝑛 𝐸(ℳ).  

Now we obtain the following characterization of q-concave spaces.  

3.13. Theorem. Let 𝐸 be a separable quasi-Banach function space on (0, ∞) which is p-

convex for some 0 < 𝑝 < ∞. Then the following are equivalent.  

(i) The inequality (13) holds for any semi-finite von Neumann algebra ℳ; 

(ii) 𝐸 is q-concave for some 𝑞 < ∞.  

Moreover, if his is the case and 𝑝 > 1 we have  

‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐
2)+𝐸(ℳ;𝑙𝑟

2) ≲𝐸 𝔼‖𝑟𝑖𝑥𝑖‖𝐸(ℳ) ≲𝐸 ‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐
2)∩𝐸(ℳ;𝑙𝑟

2) ,  

For any finite sequence (𝑥𝑖) 𝑖𝑛 𝐸(ℳ).  

3.14. Corollary. Let 𝐸 be a symmetric Banach function space on (𝑜, 𝛼) and suppose 𝐸 

is 2-convex and q-concave for some 𝑞 < ∞. Then , for any semi-finite von Neumann algebra 

equipped with a normal, semi-finite, faithful trace 𝜏 satisfying 𝜏(1) = 𝛼, any Rademacher 

sequence (𝑟𝑖) and any finite sequence (𝑥𝑖) in 𝐸(ℳ) we have  

𝔼‖∑ 𝑟𝑖𝑥𝑖𝑖 ‖𝐸(ℳ) ≃𝐸 ‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐
2)∩𝐸(ℳ;𝑙𝑟

2) ≃𝐸 ‖∑ 𝑟𝑖⨂𝑥𝑖𝑖 ‖𝐸(𝐿∞⨂̅ℳ). (16) 

Proof. Since 𝐸 is q-concave , it has order continuous norm and 𝑞𝐸 ≤ 𝑞 < ∞. Hence, by 

theorem 3.6 and 3.11, it remains to show that  

                 ‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐
2)∩𝐸(ℳ;𝑙𝑟

2) ≲𝐸 𝔼‖∑ 𝑟𝑖𝑥𝑖𝑖 ‖𝐸(ℳ);                                                       (17) 

                  ‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐
2)∩𝐸(ℳ;𝑙𝑟

2) ≲𝐸 ‖∑ 𝑟𝑖⨂𝑥𝑖𝑖 ‖𝐸(𝐿∞⨂̅ℳ).                                                   (18) 

To prove (17) recall that since 𝐸 has Fatou norm and is 2-convex, 𝐸(ℳ) is 2-convex as 

well. Hence  

                  ‖(∑ |𝑥𝑖|
2

𝑖 )
1

2‖
𝐸(ℳ)

= ‖(∑ |𝑟𝑖𝑥𝑖|2
𝑖 )

1

2‖
𝐸(ℳ)

= ‖(𝔼|∑ 𝑟𝑖𝑥𝑖𝑖 |2)
1

2‖
𝐸(ℳ)

  

                  ≲𝐸 (𝔼‖∑ 𝑟𝑖𝑥𝑖𝑖 ‖𝐸(ℳ)
2  

)
1

2 ≲ 𝔼‖∑ 𝑟𝑖𝑥𝑖𝑖 ‖𝐸(ℳ) , 

where in final inequality we apply Kahane,s inequality. By applying this to (𝑥𝑖
∗) we see 

that (17) holds.  

    Note that since 𝐿𝑝(Ω; 𝐿𝑝(ℳ)) = 𝐿𝑝(𝐿∞(Ω)⨂̅ℳ) holds isometrically for 2 ≤ 𝑝 < ∞, 

the above shows that, for any finite sequence (𝑥𝑖)𝑖=1
𝑛  in 𝐿𝑝(ℳ),  

                  ‖(𝑥𝑖)‖𝐿𝑝(ℳ;𝑙𝑐
2) ≤ ‖∑ 𝑟𝑖⨂𝑥𝑖𝑖 ‖𝐿𝑝(𝐿∞⨂̅ℳ).                                                           (19) 

Since 𝐸 is 2-convex and q-concave, 𝐸 is an interpolation space for the couple (𝐿2, 𝐿𝑝) by 

Theorem 2.5. Hence, by the discussion following (7), 𝑅𝑎𝑑𝑛(𝐸) is a complemented subspace 

of 𝐸(𝐿∞⨂̅ℳ) and by theorem 2.6, we obtain  

                 ‖(𝑥𝑖)‖𝐸(ℳ;𝑙𝑐
2) ≲𝐸 ‖∑ 𝑟𝑖⨂𝑥𝑖𝑖 ‖𝐸(𝐿∞⨂̅ℳ)  

By interpolation from (19). By applying this to (𝑥𝑖
∗)𝑖=1

𝑛  we see that (18) holds.  

3.15. Proposition. Let 𝐸 be a fully symmetric quasi-Banach function space on (0, 𝛼) 

with Fatou quasi-norm and 1 < 𝑝𝐸 ≤ 𝑞𝐸 < ∞. For every 𝑘 ≥ 1 ,let 𝜀𝑘 ∈ ℳ𝑘−1  and suppose 
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that ‖𝜉𝑘‖ ≤ 1 𝑎𝑛𝑑 𝜉𝑘 commutes with ℳ𝑘. Then , for any martingale difference sequence 

(𝑦𝑘)𝑘=1
∞  with respect to (𝑀𝑘)𝑘=1

∞  in 𝐸(ℳ) and any 𝑛 ≥ 1 we have  

‖∑ 𝜉𝑘𝑦𝑘
𝑛
𝑘=1 ‖𝐸(ℳ) ≲𝐸 ‖∑ 𝑦𝑘

𝑛
𝑘=1 ‖𝐸(ℳ) .  

In particular, taking 𝜉𝑘 ∈ {−1,1} yields the well known fact that non-commutative 

martingale difference sequences are unconditional in (ℳ) .  

3.16. Lemma. Let 𝐸 be a symmetric p-convex (0 < 𝑝 < ∞) quasi-Banach function 

space on (0, 𝛼) 𝑤𝑖𝑡ℎ 1 < 𝑝𝐸 ≤ 𝑞𝐸 < ∞ and suppose ℳ is a von Neumann algebra equipped 

with a normal, semi-finite, faithful trace 𝜏 satisfying 𝜏(1) = 𝛼. Let (ℳ𝑘)𝑘=1
∞  be an increasing 

sequence of von Neumann sub algebra such that 𝜏|ℳ𝑘
 is semi finite . Then we have the 

equivalences  

𝔼‖∑ 𝑟𝑘𝑥𝑘
𝑛
𝑘=1 ‖𝐸(ℳ) ≃𝐸 ‖∑ 𝑥𝑘

𝑛
𝑘=1 ‖𝐸(ℳ) ≃𝐸 ‖∑ 𝑟𝑘⨂𝑥𝑘

𝑛
𝑘=1 ‖𝐸(𝐿∞⨂̅ℳ), (20) 

For any Rademacher sequence (𝑟𝑘) and any martingale difference sequence (𝑥𝑘)𝑘=1
𝑛  

Proof. The first equivalence in (20) follows directly from the un conditionality of non-

commutative martingale difference sequences in 𝐸(ℳ). For the second equivalence, observe 

that (𝑦𝑘) = (𝑟𝑘⨂𝑥𝑘) is a martingale difference sequence with respect to the filtration 

(𝐿∞⨂̅ℳ𝑘). By applying proposition 3.15 with 𝜉𝑘 = 𝑟𝑘⨂1  

‖∑ 𝑥𝑘
𝑛
𝑘=1 ‖𝐸(ℳ) = ‖∑ (𝑟𝑘⨂1)(𝑟𝑘⨂𝑥𝑘)𝑛

𝑘=1 ‖𝐸(𝐿∞⨂̅ℳ) ≲𝐸 ‖∑ 𝑟𝑘⨂𝑥𝑘
𝑛
𝑘=1 ‖𝐸(𝐿∞⨂̅ℳ)  

The reverse inequality follows similarly from proposition 3.15 with (𝑦𝑘) = (1⨂𝑥𝑘). 

3.17. Proposition. Let E be a symmetric Banach function space on (0, ∞) with 1 < 𝑝𝐸 ≤
𝑞𝐸 < ∞ and suppose that 𝐸 is either separable or is the dual of a separable symmetric space. 

Suppose ℳ is a von Neumann algebra equipped with a normal semi finite , faithful trace 𝜏, let 

(ℳ𝑘)𝑘=1
∞ , be an increasing sequence of von Neumann sub algebras such that 𝜏|𝑀𝑘

 is semi-finite 

. Then for any finite martingale difference sequence (𝑥𝑘) 𝑖𝑛 𝐸(ℳ) we have  

                    ‖(𝑥𝑘)‖𝐻𝑐
𝐸+𝐻𝑟

𝐸 ≲𝐸 ‖∑ 𝑥𝑘𝑘 ‖𝐸(ℳ) ≲𝐸 ‖(𝑥𝑘)‖𝐻𝑐
𝐸∩𝐻𝑟

𝐸 .  

Suppose that 𝐸 is separable . If 𝑝𝐸 > 1 and either 𝑞𝐸 < 2 𝑜𝑟 𝐸 is 2-concave, then  

                   ‖∑ 𝑥𝑘𝑘 ‖𝐸(𝑀) ≃𝐸 ‖(𝑥𝑘)‖𝐻𝑐
𝐸+𝐻𝑟

𝐸 .  

On the other hand, if either 𝐸 is 2-convex and 𝑞𝐸 < ∞ 𝑜𝑟 2 < 𝑝𝐸 ≤ 𝑞𝐸 < ∞ then  

                 ‖∑ 𝑥𝑘𝑘 ‖𝐸(𝑀) ≃𝐸 ‖(𝑥𝑘)‖𝐻𝑐
𝐸+𝐻𝑟

𝐸.  

3.18. Proposition. Let ℳ be a semi-finite von Neumann algebra equipped with a normal 

semi-finite, faithful trace 𝜏 𝑎𝑛𝑑 ℳ̃ a von Neumann sub algebra of ℳ such that 𝜏|�̃� is again 

semi-finite . Let 𝜉 be the conditional expectation with respect to ℳ̃. Suppose 𝐸 is a 2-convex 

symmetric Banach function space on (0, ∞) with 2-convexity constant equal to 1 and suppose 

𝐸(2) is fully symmetric. Then ‖. ‖𝐸(ℳ;𝜉) define a norm on 𝐸(ℳ).  

Proof.  It clear that ‖. ‖𝐸(ℳ;𝜉) is positive definite and homogeneous. It remains to show 

the triangle inequality. Let 𝑥, 𝑦 ∈ 𝐸(ℳ) and fix 𝛼 > 0. Using that |𝛼𝑥 − 𝛼−1𝑦|2 ≥ 0 it 

follows that  

|𝑥 + 𝑦|2 ≤ (1 + 𝛼2)|𝑥|2 + |(1 + 𝛼−1)||𝑦|2. Hence, as E is 2-convex with 2-convexity 

constant equal to 1,  

                 ‖𝜀|𝑥 + 𝑦|2‖𝐸(2)(ℳ) ≤ (1 + 𝛼2)‖𝜀|𝑥|2‖𝐸(2)(ℳ) + (1 + 𝛼−2)‖𝜀|𝑦|2‖𝐸(2)(ℳ) .  

Taking the infimum over all 𝛼 > 0 gives  

‖𝜀|𝑥 + 𝑦|2‖𝐸(2)
≤ (‖𝜀|𝑥|2‖

𝐸(2)

1

2 + ‖𝜀|𝑦|2‖
𝐸(2)

1

2 )

2

, which yields the result.  

 

IV. Improved Non-Commutative Rosenthal,s Inequality 
We derive a generalization of Rosenthal,s theorem to non-commutative symmetric 

spaces. Recall the following notion of conditional independence, which was introduced in 
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(Junge & Xu, 2008). Given a sequence (𝑁𝑘) of conditional independence, which von Neumann 

algebra ℳ, we let 𝑊∗((𝑁𝑘)𝑘) denote the von Neumann subalgebra generated by (𝑁𝑘) . 

4.1. Definition. Let ℳ be a von Neumann algebra equipped with a normal, semi-finite, 

faithful trace 𝜏. Let (𝑁𝑘) be a sequence of von Neumann sub algebra of ℳ 𝑎𝑛𝑑 𝑁 a common 

von Neumann subalgebra of the (𝑁𝑘) such that 𝜏|𝑁 is semi-finite. We call (𝑁𝑘) independent 

with respect to 𝜉𝑁 for every 𝑘 we have 𝜉𝑁(𝑥𝑦) = 𝜉𝑁(𝑥)𝜉𝑁(𝑦) for 𝑥 ∈ 𝑁𝑘 and 𝑦 ∈

𝑊∗ ((𝑁𝑗)
𝑗≠𝑘

).  

   If a sequence (𝑁𝑘) is independent with respect to 𝜉𝑁 𝑎𝑛𝑑 𝑥𝑘 ∈ 𝑁𝑘 satisfy 𝜉𝑁(𝑎𝑘) = 0, 

then (𝑥𝑘) is a martingale difference sequence with respect to the filtration 

(𝑊∗(𝑁1, … , 𝑁𝑘))
𝑘=1

∞
. Also, if we let 𝜉𝑘 denote the conditional expectation with respect to 

𝑊∗(𝑁1, … , 𝑁𝑘), then by (5) one obtains 𝜉𝑘−1(𝑥𝑘) = 𝜉𝑁(𝑥𝑘) = 0.  

4.2. Lemma. Let (ℳ, 𝜏) be a von Neumann algebra equipped with normal, semi-finite, 

faithful trace 𝜏 satisfying 𝜏(1) = 𝛼 and let 𝐸 be a p- convex (0 < 𝑝 < ∞) quasi-Banach 

function space on (0, 𝛼) which is an interpolation space for the couple (𝐿1, 𝐿∞). Let (𝑁𝑘) be a 

sequence of von Neumann subalgebra of the 𝑁𝑘 such that 𝜏|𝑁 is semi-finite. Suppose (𝑁𝑘) is 

independent with respect to ℰ𝑁. If 𝑥𝑘 ∈ 𝐸(𝑁𝑘) satisfying ℰ𝑁(𝑥𝑘) = 0, then for any 

Rademacher sequence (𝑟𝑘) ,  

             ‖∑ 𝑥𝑘
𝑛
𝑘=1 ‖𝐸(ℳ) ≃𝐸 𝐸‖∑ 𝑟𝑘𝑥𝑘

𝑛
𝑘=1 ‖𝐸(𝑁) .  

With constant depending only on 𝐸. If 𝐸 is moreover q-concave for some 𝑞 < ∞, then  

             ‖∑ 𝑥𝑘
𝑛
𝑘=1 ‖𝐸(ℳ) ≲𝐸 𝑚𝑎𝑥 {‖(∑ |𝑥𝑘|2

𝑘 )
1

2‖
𝐸(ℳ)

, ‖(∑ |𝑥𝑘
∗|2

𝑘 )
1

2‖
𝐸(ℳ)

}.  

Proof. It suffices to show that for any sequence of signs (ℰ𝑘)𝑘=1
𝑛 ⊂ {−1,1}𝑛.  

‖∑ ℰ𝑘𝑥𝑘
𝑛
𝑘=1 ‖𝐸(ℳ) ≲𝐸 ‖∑ 𝑥𝑘

𝑛
𝑘=1 ‖𝐸(ℳ) . Define 𝑁+ = 𝑊∗({𝑁𝑘: ℰ𝑘 = 1}) and 𝑁− =

𝑊∗({𝑁𝑘: ℰ𝑘 = −1}). Note that if ℰ𝑖 = −1, then by independent and (5) it readily follows that 

ℰ𝑁+
(𝑥𝑖) = ℰ𝑁(𝑥𝑖) = 0. Hence , ℰ𝑁+

(∑ 𝑥𝑘
𝑛
𝑘=1 ) = ∑ 𝑥𝑘 + ∑ ℰ𝑁+

(𝑥𝑘) = ∑ 𝑥𝑘ℰ𝑘=1ℰ𝑘=−1ℰ𝑘=1
 and 

analogously , ℰ𝑁−
(∑ 𝑥𝑘

𝑛
𝑘=1 ) = ∑ 𝑥𝑘ℰ𝑘=−1  . Since conditional expectations are bounded on 

𝐸(ℳ) by a constant 𝑐𝐸 depending only on 𝐸 we obtain  

‖∑ ℰ𝑘𝑥𝑘
𝑛
𝑘=1 ‖𝐸(ℳ) = ‖∑ 𝑥𝑘 − ∑ 𝑥𝑘ℰ𝑘=−1ℰ𝑘=1 ‖

𝐸(ℳ)
= ‖(ℰ𝑁+

−

ℰ𝑁−
)(∑ 𝑥𝑘

𝑛
𝑘=1 )‖

𝐸(ℳ)
≲𝐸 ‖∑ 𝑥𝑘

𝑛
𝑘=1 ‖𝐸(ℳ) .  

The final statement follows from theorem 3.11.  

4.3. Remark. Note that 2 < 𝑝𝐸 ≤ 𝑞𝐸 < ∞ then 𝐸 is an interpolation space for the couple 

(𝐿2, 𝐿𝑝), for any 𝑝 > 𝑞𝐸 . However, there are such spaces which are not q-concave for any 𝑞 <
∞. Indeed, recall the Lorentz spaces 𝐿𝑝,𝑞 𝑜𝑛 (0, ∞)  (𝑠𝑒𝑒 [18], 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 4.4). Then the space 

𝐸 = 𝐿3,∞ has 𝑝𝐸 = 𝑞𝐸 = 3, but is ∞ − 𝑐𝑜𝑛𝑐𝑎𝑣𝑒 . 

4.4. Theorem. (non-commutative Rosenthal theorem ). Let ℳ be a semi-finite , faithful 

trace 𝜏. Suppose 𝐸 is a symmetric Banach function space on (0, ∞) satisfying either of the 

following conditions  

(i) 𝐸 is an interpolation space for the couple (𝐿2, 𝐿𝑝) for some 2 ≤ 𝑝 < ∞ and 𝐸 is q-

concave for some 𝑞 < ∞ ;  

(ii) 2 < 𝑝𝐸 ≤ 𝑞𝐸 < ∞.  

Let (𝑁𝑘) be a sequence of von Neumann subalgebra of ℳ 𝑎𝑛𝑑 𝑁 a common von 

Neumann subglgebra of the (𝑁𝑘) such that 𝜏|𝑁 is semi-finite . Suppose (𝑁𝑘) is independent 

with respect to ℰ ≔ ℰ𝑁. Let ℰ(𝑥𝑘) = 0  for all k. Then, for any n,  

‖∑ 𝑥𝑘
𝑛
𝑘=1 ‖𝐸(ℳ) ≃𝐹 𝑚𝑎𝑥 {‖𝑑𝑖𝑎𝑔(𝑥𝑘)𝑘=1

𝑛 ‖𝐸(ℳ𝑛(ℳ)), ‖(𝑥𝑘)𝑘=1
𝑛 ‖𝐸(ℳ,ℰ;𝑙𝑐

2), ‖(𝑥𝑘)𝑘=1
𝑛 ‖𝐸(ℳ,ℰ;𝑙𝑟

2)}.      (21) 

Proof. Assume that 𝑥𝑘 are bounded. Note that ℰ is bounded on 𝐸(2)(ℳ) under both 

condition (i) and (ii) by proposition 2.6. We first prove that the maximum on the right hand 
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side is an interpolation space for the couple (𝐿2, 𝐿𝑝) for some 𝑝 < ∞ under both condition (i) 

and (ii) , it follows from the discussion following (7) that the n-th Rademacher subspace 

𝑅𝑎𝑑𝑛(𝐸) is 𝑐𝐸 − 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑒𝑑 𝑖𝑛 𝐸(𝐿∞⨂̅ℳ), for some constant 𝑐𝐸 > 0 independent of n. 

Recall that 𝐿𝑞(ℳ) has cotype q see (Pisier & Xu, 2003) i.e. 

 ‖𝑑𝑖𝑎𝑔(𝑥𝑘)𝑘=1
𝑛 ‖𝐿𝑞(𝑁𝑛(ℳ)) = (∑ ‖𝑥𝑘‖

𝐿𝑞(ℳ)
𝑞𝑛

𝑘=1 )

1

𝑞
≤ ‖∑ 𝑟𝑘⨂𝑥𝑘

𝑛
𝑘=1 ‖𝐿𝑞(𝐿∞⨂̅ℳ) . 

By interpolation of this estimate for 𝑞 = 2 𝑎𝑛𝑑 𝑞 = 𝑝 we obtain  

                     ‖𝑑𝑖𝑎𝑔(𝑥𝑘)𝑘=1
𝑛 ‖𝐸(𝑁𝑛(ℳ)) ≲𝐸 ‖∑ 𝑟𝑘⨂𝑥𝑘

𝑛
𝑘=1 ‖𝐸(𝐿∞⨂̅ℳ) ,  

and by Lemma 3.16  

                    ‖∑ 𝑟𝑘⨂𝑥𝑘
 
  ‖𝐸(𝐿∞⨂̅ℳ) ≃𝐸 ‖∑ 𝑥𝑘𝑘 ‖𝐸(ℳ) .  

Since the (𝑁𝑘) are independent and we have ℰ(𝑥𝑘) = 0 for all 𝑘 (𝑠𝑜 ℰ(𝑥𝑘
∗𝑥𝑗) =

ℰ(𝑥𝑘
∗)ℰ(𝑥𝑗) = 0 𝑖𝑓 𝑗 ≠ 𝑘) we have by boundedness of ℰ in 𝐸(2)(ℳ) ,  

‖∑ ℰ(𝑥𝑘
∗𝑥𝑘)

1

2𝑘 ‖
𝐸(ℳ)

= ‖∑ ℰ(𝑥𝑘
∗𝑥𝑘)𝐾 ‖

𝐸(2)(ℳ)

1

2 =

‖ℰ(∑ 𝑥𝑘
∗

𝑘 )(∑ 𝑥𝑘𝑘 )‖
𝐸(2)(ℳ)

1

2 ≾𝐸 ‖∑ 𝑥𝑘𝑘 ‖𝐸(ℳ) , 

and by applying this to the sequence (𝑥𝑘
∗) we get  

                   ‖(∑ ℰ(𝑥𝑘𝑥𝑘
∗)𝑘 )

1

2‖
𝐸(ℳ)

≲𝐸 ‖∑ 𝑥𝑘𝑘 ‖𝐸(ℳ). 

We now prove the reverse inequality in (21). By Lemma 4.2 (case (i)) or proposition 3.17 

(case (ii) ), respectively we have  

                  ‖∑ 𝑥𝑘𝑘 ‖𝐸(ℳ) ≲𝐸 𝑚𝑎𝑥 {‖(∑ 𝑥𝑘
∗𝑥𝑘𝑘 )

1

2‖
𝐸(ℳ)

, ‖∑ (𝑥𝑘𝑥𝑘
∗)

1

2𝐾 ‖
𝐸(ℳ)

} . (22) 

By the quasi-triangle inequality in 𝐸(2)(ℳ) we have  

‖(∑ 𝑥𝑘
∗𝑥𝑘𝑘 )

1

2‖
𝐸(ℳ)

≲𝐸 (‖∑ 𝑥𝑘
∗𝑥𝑘 − ℰ(𝑥𝑘

∗𝑥𝑘)𝑘 ‖𝐸(2)(ℳ) + ‖∑ (𝑥𝑘
∗𝑥𝑘)𝑘 ‖𝐸2(ℳ))

1

2
 .  

Notice that (|𝑥𝑘|2 − ℰ(|𝑥𝑘|2))
𝑘≥1

 is independent with respect to ℰ, self-adjoint and , 

moreover, ℰ(|𝑥𝑘|2 − ℰ(|𝑥𝑘|2)) = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘. Hence it is a martingale difference sequence 

and we obtain again by Lemma 4.2 ( case (i)) or proposition 3.17 case (ii), since in this case 

(1 < 𝑝𝐸(2)
, 𝑞𝐸(2)

< ∞), respectively,  

‖∑ 𝑥𝑘
∗𝑥𝑘 − ℰ(𝑥𝑘

∗𝑥𝑘)𝑘 ‖𝐸(2)((ℳ)) ≲𝐸 ‖(∑ (𝑥𝑘
∗𝑥𝑘 − ℰ(𝑥𝑘

∗𝑥𝑘))
2

𝑘 )

1

2
‖

𝐸(2)((ℳ))

  

               ≲𝐸 ‖(|𝑥𝑘|4)
1

2‖
𝐸(2)(ℳ)

+ ‖(∑  𝑘 (ℰ(|𝑥2|2))
2
)

1

2
‖

𝐸(2)(ℳ)

,  

where in the final inequality we use the quasi-triangle inequality in 𝐸(2)(ℳ; 𝑙𝑐
2). Let 𝑥 =

𝑐𝑜𝑙(|𝑥𝑘|) 𝑎𝑛𝑑 𝑦 = 𝑑𝑖𝑎𝑔(|𝑥𝑘|). 𝑆𝑖𝑛𝑐𝑒 𝜇(𝑥𝑦) ≺≺ 𝜇(𝑥)𝜇(𝑦), we obtain 

‖(∑ |𝑥𝑘|4
𝑘 )

1

2‖
𝐸(2)(ℳ)

= ‖(𝑥∗𝑦∗𝑦𝑥)
1

2‖
𝐸(2)(ℳ𝑛(ℳ))

= ‖𝑦𝑥‖𝐸(2)(ℳ𝑛(ℳ))  

            ≲𝐸 ‖𝜇(𝑥)𝜇(𝑦)‖𝐸(2)
= ‖𝜇(𝑥)

1

2𝜇(𝑦)
1

2‖
𝐸

2

‖𝑦‖𝐸(ℳ𝑛(ℳ))‖𝑥‖𝐸(ℳ𝑛(ℳ))  

           = ‖𝑑𝑖𝑎𝑔(𝑥𝑘)‖𝐸(ℳ𝑛(ℳ)) ‖(∑ |𝑥𝑘|2
𝑘 )

1

2‖
𝐸(ℳ)

,  

where in the final inequality we use the 𝐻�̈�𝑙𝑑𝑒𝑟 − 𝑡𝑦𝑝𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 in (Lindenstrauss & 

Tzafriri, 1979), proposition 1.d.2 (i). 
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Let ℰ𝑛 be the conditional expectation in 𝐸(ℳ𝑛(ℳ)) with respect to the von Neumann 

subalgebra 𝑀𝑛(𝑁), i.e. ℰ𝑛 = ℰ⨂1ℳ𝑛(𝑐). Writing 𝑧 = 𝑐𝑜𝑙(|𝑥𝑘|2), we have ℰ𝑛(𝑧) =

𝑐𝑜𝑙(ℰ|𝑥𝑘|2) and so by boundedness of ℰ𝑛 in 𝐸(2)(ℳ𝑛(ℳ)),  

           ‖(∑ (ℰ|𝑥𝑘|2)2
𝑘 )

1

2‖
𝐸(2)(ℳ)

= ‖((ℰ𝑛(𝑧))
∗
ℰ𝑛(𝑧))

1

2
‖

𝐸(2)(ℳ𝑛(ℳ))

  

          = ‖ℰ𝑛(𝑧)‖𝐸(2)(ℳ𝑛(ℳ)) ≾𝐸 ‖𝑧‖𝐸(2)(ℳ𝑛(ℳ)) = ‖(∑ |𝑥𝑘|4
𝑘 )

1

2‖
𝐸(2)(ℳ)

.  

Putting the estimates together we arrive at  

‖(∑ |𝑥𝑘|2
𝑘 )

1

2‖
𝐸

≲𝐸 (‖𝑑𝑖𝑎𝑔(𝑥𝑘)‖𝐸(ℳ𝑛(ℳ)) ‖(∑ |𝑥𝑘|2
𝑘 )

1

2‖
𝐸

+ ‖(∑ ℰ(|𝑥𝑘|2)𝑘 )
1

2‖
𝐸

2

)

1

2

.  

In the other words, if we set = ‖(∑ |𝑥𝑘|2
𝑘 )

1

2‖
𝐸(ℳ)

 , 𝑏 = ‖𝑑𝑖𝑎𝑔(𝑥𝑘)‖𝐸(ℳ𝑛(ℳ)) and 𝑐 =

‖(∑ ℰ|𝑥𝑘|2
𝑘 )

1

2‖
𝐸(ℳ)

, we have 𝑎2 ≲𝐸 𝑎𝑏 + 𝑐2. Solving this quadratic equation we obtain 

𝑎 ≲𝐸 𝑚𝑎𝑥{𝑏, 𝑐}, or ,  

          ‖(∑ |𝑥𝑘|2
𝑘 )

1

2‖
𝐸(ℳ)

≲𝐸 𝑚𝑎𝑥 {‖𝑑𝑖𝑎𝑔(𝑥𝑘)‖𝐸(ℳ𝑛(ℳ)), ‖(∑ ℰ(|𝑥𝑘|2)𝑘 )
1

2‖
𝐸(ℳ)

}.  

Applying this to the sequence (𝑥𝑘
∗) gives  

         ‖(∑ |𝑥𝑘
∗|2

𝑘 )
1

2‖
𝐸(ℳ)

≾𝐸 𝑚𝑎𝑥 {‖𝑑𝑖𝑎𝑔(𝑥𝑘)‖𝐸(ℳ𝑛(ℳ)), ‖(∑ ℰ(|𝑥𝑘
∗|2)𝑘 )

1

2‖
𝐸(ℳ)

}.  

The result follows by (22). The final assertion follows by a straightforward. 

4.5. Remark.Theorem 4.4 generalizes the Rosenthal inequalities for commutative 

Banach function spaces (Takesaki, 1972; remark 7) and for non-commutative 𝐿𝑝 − 𝑠𝑝𝑎𝑐𝑒𝑠 

(Pisier & Xu, 2003; Theorem 2.1 ). These two results can be recovered  by taking ℳ =
𝐿∞(Ω), 𝑁 = 𝐶 in the first case and by setting 𝐸 = 𝐿𝑝 in the second. Note , however, that the 

proof in (Pisier & Xu, 2003) is also valid for Haagerup 𝐿𝑝 − 𝑠𝑝𝑎𝑐𝑒𝑠 (i.e., if 𝜏 is not a trace ). 

4.6. Corollary. Let 𝑞 ≤ 𝑝 < ∞ , 𝑎𝑛𝑑 𝑞 > 2. 𝐿𝑒𝑡 ℳ be a von Neumann algebra equipped 

with normal, faithful state Φ. Suppose (𝑁𝑘) is a sequence of von Neumann sub algebras of 

ℳ 𝑎𝑛𝑑 𝑁 is a common von Neumann sub algebra of 𝑁𝑘 is independent with respect to ℰ =
ℰ𝑁. Let 𝑥𝑘 ∈ 𝐿𝑝(𝑁𝑘) be such that ℰ̂(𝑥𝑘) = 0 for all 𝑘 then ,  

       ‖∑ 𝑥𝑘𝑘 ‖𝐿𝑝(ℳ) ≃𝑝 𝑚𝑎𝑥 {‖(𝑥𝑘)‖𝑙𝑝(𝐿𝑝(ℳ)), ‖(𝑥𝑘)‖
𝐿𝑝(ℳ,ℰ̂;𝑙𝑐

𝑞
), ‖(𝑥𝑘)‖

𝐿𝑝(ℳ,ℰ̂;𝑙𝑟
𝑞

)}. 

Proof. The case where 𝑝 = 𝑞 is trivial, suppose 𝑞 < 𝑝 < ∞. In (Haagerup, Junge, & Xu, 

2010), Lemma 6.14, it is shown that the von Neumann sub algebra 𝑅(𝑁𝑘) are independent with 

respect to ℰ𝑅(𝑁) = ℰ̂𝑁 whenever (𝑁𝑘) is independent with respect to ℰ𝑁. By Theorem 4.4 we 

obtain the Rosenthal inequalities in 𝐿𝑝,∞(𝑅(ℳ)) for bounded elements. In (Junge & Xu, 

2003), Lemma 1.1, it is shown that set ℳ𝐷
1

𝑝 dense in 𝐿𝑝(ℳ, Φ), so it suffices to show that the 

Rosenthal inequalities hold for the sequence (𝑥𝑘𝐷
1

𝑝), where 𝑥𝑘 ∈ 𝑁𝑘. Set 𝑒𝑚 = 𝑒𝐷[0, 𝑚], then 

𝑥𝑘𝐷
1

𝑣𝑒𝑚 is bounded linear operator in 𝐿𝑝,∞(𝑅(𝑁𝑘), 𝜏). By the above we have  

‖∑ xkD
1

v
n
k=1 em‖

p,∞
≃p max {‖diag (xkD

1

vem)‖
Lp,∞(ℳn(R(ℳ)))

, ‖(xkD
1

vem)‖
Lp,∞(R(ℳ),ℰ;̂lc

q
)

, ‖(xkD
1

vem)‖
Lp,∞(R(ℳ),ℰ;̂lr

q
)
}. 

Since 𝐿𝑝,∞ has Fatou norm, a standard argument shows that we can take the limit for 

𝑚 ⟶ ∞ to obtain the result.    
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