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Abstract. In many physical systems, we encounter periodic behaviours otherwise called 

oscillations. Their nonlinear dynamics show us spirals, limit cycles, sudden Hopf jumps, and 

chaotic behaviour. An important case of oscillations is the relaxation oscillation well 

represented by the self-contained oscillator Van der Pol which exhibits a Hopf bifurcation after 

crossing a threshold. Such an oscillation pattern is encountered in the oscillation of plasma 

charge density. Solving Maxwell equations and modelling magnetohydrodynamics equations 

for such a plasma, where a nonlinear source term will prevail which will bring about a negative 

friction, will determine a relaxation oscillation under specific conditions and quasi-chaotic 

behaviour for certain cases. These oscillations appear in dusty interstellar plasmas and the 

optical fibre fuse. A qualitative method for understanding the dynamics of this system is the 

use of nonlinear dynamic methods, but to get an exact solution we need to integrate the system 

numerically. Numerical integration of plasma oscillations gives us clear numerical values 

needed to consider engineering applications. 
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Introduction 

The model of oscillatory processes has an irreplaceable role in physics. Nonlinear 

oscillators present a wide variety of behaviours starting from simple damped oscillations 

continuing with relaxation oscillations to chaotic oscillations in the case of coupled oscillators 

(Strogatz, 2003). Studying these models in the context of nonlinear dynamics highlights 

additional elements of stability and instability, including Hopf jumps of solutions when a 

parameter exceeds a certain target. For the exact solution of the performance of the systems, 

numerical techniques are necessary mainly for engineering-application purposes. 

A specific case of oscillations is those modelled with the Van der Pol system (Pol, 1926). 

In an approximate way, these behaviours are found in physical, biological, engineering, 

economic, etc. systems (Miwadinou et al., 2013; Semenov et al., 2006). They are well-studied 

ranging from heartbeats and relaxing oscillations of potential in neuronal cells, to aerodynamic 

phenomena, to periodic recurrences of economic crises and epidemics, to plasma relaxation 

oscillations, to the relaxing charge-discharge of musical instrument strings (Botero et al., 

2012). 

Oscillatory processes are important in modelling and studying dynamical plasma 

structures. Theoretically, the solution of Maxwell's equations in systems with charge sources 

predicts characteristic oscillations. If the mechanisms of creation and assimilation of charges 

as well as the coupling of their movement with electromagnetic fields enable a negative friction 

with a term that satisfies the general Lienard conditions, the system develops typical relaxation 

oscillations, and the oscillation converges to a limit cycle. Since this process is very 

complicated, numerical integration is fundamental in the study of the phenomenon. 

Accordingly, such behaviour appears in the advancement of combustion in optical fibres as 

well as in some processes in charged interstellar dust, etc. Numerical study in this case is very 

important as it enables the interpretation of the phenomenon, recognition of specific conditions 

when the phenomenon occurs as well as the reverse use for application purposes. 
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Classical Approximation of the Equations of Motion for the Two-Fluid System 

The force exerted on a charged particle moving in an electromagnetic field is given by 

the Lorentz equation: 
 

𝑭 = 𝑞𝛼(𝑬 + 𝒗 ⨯ 𝑩) → 𝑚𝛼

𝑑𝒗

𝑑𝑡
= 𝑞𝛼(𝑬 + 𝒗 ⨯ 𝑩). 

 
(1) 

Where α defines the type of particle electron or ion, thus defining 2 different equations for 2 

different fluids, one of ions and the other of electrons. Instead of the velocity v of a particle, 

we use the average velocity u and multiply both sides by the charge density nα0 (Chen, 1984): 
 

𝑚𝛼𝑛𝛼0

𝑑𝒖𝜶

𝑑𝑡
= 𝑞𝛼𝑛𝛼0(𝑬 + 𝒖𝜶 ⨯ 𝑩). 

 
 

(2) 
The force of the pressure gradient is also present in plasma. In the approximation of fluids, the 

time derivative in (2) is written as a convective derivative (Chen, 1984; Maiorov et al., 1992) 

and the relation is: 
 

𝑚𝑛𝛼0 [
𝜕𝒖𝜶

𝜕𝑡
+ (𝒖𝜶 ⋅ 𝛻)𝒖𝜶] = 𝑞𝑛𝛼0(𝑬 + 𝒖𝜶 ⨯ 𝑩) − 𝛻𝑃. 

 
(3) 

Collisions between different particles enable the exchange of energy between them. Dispersion 

affects the amount of movement of a type of particle such as an electron, ion or neutral particle. 

The rate of momentum loss from collisions between particles, of type α and neutral particles 

or between the same type is given by 𝑅𝛼𝑘 = 𝜈𝛼𝑘𝑛𝛼𝑚𝛼(𝒗𝜶 −  𝒗𝒌), and is obtained (Goldston 

& Ratherford, 2000): 
 
𝑚𝛼𝑛𝛼0 [

𝜕𝒖𝜶

𝜕𝑡
+ (𝒖𝜶 ⋅ 𝛻)𝒖𝜶] = 𝑞𝛼𝑛0𝛼(𝑬 + 𝒖𝜶 ⨯ 𝑩) − 𝛻𝑃 − 𝜈𝛼𝑘𝑛𝛼0𝑚𝛼(𝒖𝜶 − 𝒖𝒌). 

 
(4) 

In fact, the dispersion of charged particles with neutral particles is a type of viscosity that 

appears to the liquid. The term (uα⋅∇) uα is argued to be negligible in (Chen, 1984) where uα is 

assumed to be so small that this quadratic term is negligible. 

Considering the equation of state pn-γ=constant for any gas, and if we consider it as an 

isothermal process then γ takes the value 1, but we have thermal exchange, so we must consider 

it. If we define the pressure and density as P=p0+p1 and n=n0+n1 where p0 and n0 represent the 

constant pressure and density while p1 and n1 represent the turbulent part, we can write the 

equation considering an isothermal background P0=n0kT from which we arrive at another 

relation between P and n as follows (Lankin, & Norman, 2009; Chen, 1984; Smirnov, & Boris, 

2001): 
 𝛻𝑃

𝑝0
= 𝛾

𝛻𝑛1𝛼

𝑛0
, 

 
 (5) 

from which we conclude: 
 𝛻𝑃 = 𝛾𝑘𝑇𝛻𝑛1𝛼,    (6) 

If we consider the charge distribution according to the Boltzman distribution, we will get the 

"disturbance scale". If we decompose it into Taylor series, we will see that we have a 

perturbative term, which will represent the variable part of the density of electrons or charges 

in general, so n0 represents the constant part while n1 represents the variable part and nq= n0+n1 

(McGreivy, 2017; Hafeez, & Ndikilar, 2014)): 
 

𝑛𝑞 = 𝑛 = 𝑛0𝑒𝑒𝛷/𝑘𝑇𝑒 = 𝑛0 (1 +
𝑒𝛷

𝑘𝑇𝑒
+. . . ) = 𝑛0 + 𝑛0

𝑒𝛷

𝑘𝑇𝑒
+ ⋯ 

 
     (7) 

then, we can find the ratio  
𝑛1

𝑛0
=

𝑒𝛷

𝑘𝐵𝑇𝑒
, where e is the electron charge, Φ is the potential, kB is the 

Boltzmann constant, and Te is the electron temperature. After replacing the equations in 

equation (4) and doing the divergence of this equation we get: 

𝑚𝛼𝑛0𝛼𝛻 ·
𝜕𝒖

𝜕𝑡
= 𝑞𝛼𝑛0𝛼𝛻 · 𝑬 + 𝑞𝛼𝑛0𝛼𝛻 · (𝒖 ⨯ 𝑩) − 𝛾𝑘𝐵𝑇𝛻2𝑛1𝛼 − 𝛻(𝜈𝑛0𝛼𝑚𝛼(𝒖𝜶 − 𝒖𝒌)). 

 

 
(8) 
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Since the mass of electrons is very small, we will consider the dynamic equation only for one 

of the types of particles, i.e. for ions, although we can combine both equations for each type of 

particle and arrive at the same point again. We chose the first path. (Below we will eliminate 

the index α, implying that the equation is written for ions). The equation takes the form: 
 

𝛻 ·
𝑑𝒖

𝑑𝑡
−

𝑞

𝑚
𝛻 · 𝑬 −

𝑞

𝑚
𝛻 · (𝒖 ⨯ 𝑩) +

𝛾𝑘𝐵𝑇

𝑚𝑛0
𝛻2𝑛1 +

1

𝑛0𝑚
𝛻(𝜈𝑛0𝑚(𝒖 − 𝒖𝒌)) = 0. 

 
(9) 

The electric field is given as the gradient of the potential with a minus sign in front, and the 

velocity of the particles entering the scattering can be taken to be 0 or incorporated together 

into a velocity u: 
 

𝛻 ·
𝑑𝒖

𝑑𝑡
+

𝑞

𝑚
𝛻2𝛷 −

𝑞

𝑚
𝛻 · (𝒖 ⨯ 𝑩) +

𝛾𝑘𝑇𝑖

𝑚𝑛0
𝛻2𝑛1 + 𝜈𝛻 · 𝒖 = 0. 

 
    (10) 

Substituting Φ we get: 
 

𝛻
𝑑𝒖

𝑑𝑡
+

𝑘𝐵

𝑛0𝑚
(𝑇𝑒 + 𝛾𝑇𝑖)𝛻2𝑛1 −

𝑞

𝑚
𝛻 · (𝒗 ⨯ 𝑩) + 𝜈𝛻 · 𝒖 = 0. 

(11) 

We try to derive the continuity equation with respect to time: 
 𝜕𝑆

𝜕𝑡
=

𝜕

𝜕𝑡
(

𝜕𝑛1

𝜕𝑡
+ 𝑛0𝛻 · 𝒖) =

𝜕2𝑛1

𝜕𝑡2
+ 𝑛0𝛻 ·

𝜕𝒖

𝜕𝑡
. 

 
(12) 

We substitute the time derivative of the velocity divergence: 
 𝑑𝑆

𝑑𝑡
−

𝑑2𝑛1

𝑑𝑡2
+

𝑘𝐵

𝑚
(𝑇𝑒 + 𝛾𝑇𝑖)𝛻2𝑛1 −

𝑞𝑛0

𝑚
𝛻 · (𝒖 ⨯ 𝑩) + 𝜈 (𝑆 −

𝑑𝑛1

𝑑𝑡
) = 0, 

 
(13) 

from where: 
 𝑑𝑆

𝑑𝑛1

𝑑𝑛1

𝑑𝑡
−

𝑑2𝑛1

𝑑𝑡2
+

𝑘𝐵

𝑚
(𝑇𝑒 + 𝛾𝑇𝑖)𝛻2𝑛1 −

𝑞𝑛0

𝑚
𝛻 · (𝒖 ⨯ 𝑩) + 𝜈𝑆 − 𝜈

𝑑𝑛1

𝑑𝑡
= 0. 

 
(14) 

We will assume that the potential is harmonic in space, so 𝜙(𝑧, 𝑡) = 𝜙(𝑡)𝑒−𝑖𝑘𝒓 where k is the 

wavenumber of the harmonic potential. If we do the Laplacian of the potential, we get 𝜙(𝑧, 𝑡) =

−𝑘2𝜙(𝑡). Since the potential is directly proportional to the charge density n1 then the same 

phenomenon will occur with the density under the effect of the harmonic potential. Thus 

𝛻2𝑛1 = −𝑘2𝑛1. Substituting the source term we get (B. Keen, & E. Fletcher, 1970): 
 

(𝛼 − 2𝛽𝑛1 − 3𝜉𝑛1
2)

𝑑𝑛1

𝑑𝑡
−

𝑑2𝑛1

𝑑𝑡2
−

𝑘𝐵𝑘2

𝑚
(𝑇𝑒 + 𝛾𝑇𝑖)𝑛1 −

𝑞𝑛0

𝑚
𝛻 · (𝒖 ⨯ 𝑩)

+ 𝜈(𝛼𝑛1 − 𝛽𝑛1
2 − 𝜉𝑛1

3) − 𝜈
𝑑𝑛1

𝑑𝑡
= 0. 

 
 
(15) 

From the above formula, considering the geometric configuration for which the density 

changes according to x, so the electrons move according to x while the magnetic field oscillates 

according to y then we can write: 
 

𝛻 ⋅ (𝒖 ⨯ 𝑩) = |

𝜕𝑥 𝜕𝑦 𝜕𝑧

𝑢𝑥 0 0
0 𝐵𝑦 0

| = 𝜕𝑧𝑢𝑥𝐵𝑦 = 0. 

 
 

     (16) 

The equating to 0 of the above derivation comes from considering that the magnetic field and 

velocity vary very little in other directions. Thus, obtaining the equation: 

(𝛼 − 𝜈 − 2𝛽𝑛1 − 3𝜉𝑛1
2)

𝑑𝑛1

𝑑𝑡
−

𝑑2𝑛1

𝑑𝑡2
−

𝑘𝐵𝑘2

𝑚
(𝑇𝑒 + 𝛾𝑇𝑖)𝑛1 + 𝜈𝛼𝑛1 − 𝜈𝛽𝑛1

2 − 𝜈𝜉𝑛1
3 = 0. 

 
 
(17) 

If the scattering between different types of particles and neutral particles is dominant our 

equation does not tend to the Van der Pol relaxation oscillator but arrives at the Van der Pol-

Dufing (the equation above), which modified by external excitations, the system approaches 

chaos (Enjieu Kadji et al., 2008; Miwaddinow et al.. 2013). In special cases when this does not 

happen, i.e. when ν≃0 the system tends towards approximately Van der Pol oscillation: 
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 𝑑2𝑛1

𝑑𝑡2
− (𝛼 − 2𝛽𝑛1 − 3𝜉𝑛1

2)
𝑑𝑛1

𝑑𝑡
+ 𝜔0

2𝑛1 = 0, 
 
 

(18) 
where ω is the plasma frequency: 

 
𝜔0

2 =
𝑘𝐵𝑘2

𝑚
(𝑇𝑒 + 𝛾𝑇𝑖). 

 
(19) 

In specific cases relation 18 returns to the standard form of the VdP (Van der Pol) oscillator 

which justifies the experimental findings. 

 

Fiber Fuse 

The problems that appeared in the production of fibres, because of the loss of 

homogeneity, that is, the creation of impurities in the fibres, have brought physical, local 

phenomena, which can affect the purity of the signal. 

Impurities created during production and defects (such as Frenkel defects, Si E' and Ge 

E' centres) appearing after production, occurring in the path of the electromagnetic wave, cause 

absorption, scattering, and therefore temperature increase. According to studies (Shuto), the 

increase in temperature causes an increase in absorbance in silica glass while the increase in 

absorbance causes an increase in temperature so we get into a chain effect. After a critical value 

of temperature, the glass will start to melt. With further increases in temperature, ionization 

and a series of other consecutive phenomena begin, thus initiating the formation of a local 

micro plasma, whose charge density begins to oscillate according to the Van der Pol oscillator 

(Shuto, 2018). 

Oscillating charge density will result in a variable refractive index which affects signal 

transmission. The formed plasma moves towards the laser source at a speed of the order of 

meters per second. This phenomenon is known as Fiber Fuse or fibre burning. What remains 

after the fuse is a series of cavities. The cavities formed do not allow the direction of light, so 

the fibre becomes useless. In the following, we will try to model this phenomenon using the 

Van der Pol oscillator. An interesting observed characteristic of a fibre fuse is the propagation 

of a bright spot towards the laser source. 

The propagation speed of the fibre fuse is generally of the order of meters per second and 

increases almost linearly with the pump laser power. After the fibre has burned out, a series of 

bullet-shaped cavities are left behind, and the fibre is no longer able to guide light. Figure 1 

shows an example of damage; a burning of fibres spreading from right to left. 

 

 
Figure 1. "Fiber Fuse" propagation phenomenon for laser power a) 1.2W b) 3.5W, 

c) 7W decreasing from (c) to (b) and finally to (a) where progress is stopped (Yakovlenko, 

2006) 

 

Van der Pol Modelling of Plasma Oscillation in Optical Fibres 

Referring to equation 17 where we derived the plasma oscillation equation in physical 

systems, we manage to derive an approximate equation in the Van der Pol model for plasma 

oscillation in optical fibres. 

Summarizing the terms and rescaling we get: 
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 𝑑2N

𝑑𝑡2
− f(N)

𝑑N

𝑑𝑡
+ g(N) = 0 

 
(20) 

If in 20 the functions f(N) and g(N) satisfy the Lienard conditions (Strogatz, 2003) the 

system can undergo a Hopf bifurcation, and the rescaled parameter performs relaxation 

oscillations where the increase of the amplitude above a threshold leads to its decrease and vice 

versa. The necessary condition for this is that f(N) is an even function and g(N) is odd. These 

conditions would be obtained if the constants included in the original equation derived within 

the approximations made (classical approximation of cold plasma with stationary distribution) 

and which in principle, according to the preceding discussion, are obtained from effective 

sections and shock frequencies with ionization consequences and cargo reunification, take on 

special values.  

The laser effect on plasma dynamics is not only present at the instant of plasma creation 

as an initiator along with defects, but it acts on the plasma even after its formation. The 

influence of the laser on the plasma is indirect, since its power is small, the laser will only 

affect the temperature of the front part of the FF (fibre fuse). When the laser is more powerful 

the impact will be direct. Thus, modelling the laser impact of the form F0cosωt as an external 

impact, where ω is the external frequency and F0 is the amplitude of the external excitation, we 

arrive at approximately the forced Van der Pol-Duffing equation (Miwadinou et al., 2013): 
 𝑑2𝑛1

𝑑𝑡2
− (𝛼 − 𝜈 − 2𝛽𝑛1 − 3𝜉𝑛1

2)
𝑑𝑛1

𝑑𝑡
+ 𝜔0

2𝑛1 + 𝜈𝛼𝑛1 − 𝜈𝛽𝑛1
2 − 𝜈𝜉𝑛1

3

= 𝐹0𝑐𝑜𝑠𝜔𝑡 

 
        (21) 

 

In the simulations we will do, we will see how the particle density behaves under special 

conditions when the parameter ν≃0, i.e. the plasma modelled for low scattering frequency 

between 2 fluids and for weak laser effect, for which the system behaves purely as a Van der 

Pol oscillator. We will also see how the system behaves when we consider ν≠0 and the laser 

effect is dominant. 

It has been experimentally proven that for cases where the laser is more powerful than 

usual, the burning of the optical fibre is even more catastrophic, in the sense that what remains 

after the burning is simply a destruction of the optical fibre. In this context, we expect that for 

large values of the external excitation force, the behaviour of the system will be quasi-chaotic. 

 

Numerical Integration of Plasma Oscillation in Optical Fibres 

The oscillation of the plasma charge density in optical fibres based on the solution of the 

plasma equations is the relaxation oscillation characterized by slow charging and fast 

discharging of the Van der Pol oscillator-like system.  If we do the 'normative' substitutions or 

transitions in the natural parameters and variables of the system: 
 

𝜀 = 𝛼 − 𝜈, 𝜏 = 𝜔0𝑡, 𝑛1 = √
𝜀

3𝜉
 𝑛, 𝛾 =

2𝛽

𝜀
√

𝜀

3𝜉
,  𝜇 =

𝜀

𝜔0
,

 𝑘1 =
𝜈𝛼

𝜔0
2 , 𝑘2 = √

𝜀

3𝜉

𝜈𝛽

𝜔0
2 , 𝑘3 =

𝜀

3

𝜈

𝜔0
2 , 𝐹 = √

3𝜉

𝜀
𝐹0,

𝛺 =
𝜔

𝜔0
.   

 
 
 

      (22) 

We get the equation: 
 𝑑2𝑛

𝑑𝜏2
− 𝜇(1 − 𝛾𝑛 − 𝑛2)

𝑑𝑛

𝑑𝜏
+ 𝑛 − 𝑘1𝑛 + 𝑘2𝑛2 + 𝑘3𝑛3 = 𝐹𝑐𝑜𝑠𝛺𝜏 

 (23) 

where n represents the parameterized density. 
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Empirical Estimation of Relaxation Oscillation Conditions 

In the study of burning fibres, the situation of the appearance of bubbles with dimensions 

of several micrometres that in different conditions have different sizes and periodicities was 

observed and photographed. The interpretation of the phenomenon is intended as a jump of the 

generated plasma system in an oscillatory state of relaxation. In fact, the classical equation for 

γ=0, k1,2,3=0, and F=0 is exactly the Van der Pol model: 
 𝑑2𝑛

𝑑𝜏2
− 𝜇(1 − 𝑛2)

𝑑𝑛

𝑑𝜏
+ 𝑛 = 0. 

 
(24) 

Physically, 𝛾𝑛 ≪ 1, (1 − 𝛾𝑛 − 𝑛2)~(1 − 𝑛2)i.e. 𝛾 ≪
1

𝑛
 i.e. 𝛾 =

2𝛽

𝜀
√

𝜀

3𝜉
≪

1

𝑛
 where n is the density 

normed. One-by-one identification of these parameters is possible within these calculations 

and numerical verification would validate the interpretive model here. In the referenced 

literature, it is assumed that these conditions are met, while we numerically generate 

alternatives because such connections do not appear directly. The confirmation of the transition 

to self-contained oscillatory states is taken as evidence of the validity of the model that gives 

the origin of the phenomenon, despite keeping the parameters in their original form, after 

renormalization. 

To integrate it in MATLAB (Böttcher, 2000; Nicolas Girodano, & Hasao Nakanishi, 

2005) we will have to replace n=y1 and transform it into the form of 3 differential equations to 

implement it in the ode package: 
 𝑦̇1 = 𝑦2  

(25) 
 𝑦̇2 = 𝜇(1 − 𝛾𝑦1 − 𝑦1

2)𝑦2 − 𝑦1 + 𝑘1𝑦1 − 𝑘2𝑦1
2 − 𝑘3𝑦1

3 + 𝐹𝑐𝑜𝑠(𝛺𝑦3)  
(26) 

 𝑦̇3 = 1  
(27) 

 

Terminology and Graphic Presentation 

We have performed all the relevant calculations even though we are not presenting them 

here, starting with some axioms or assumptions. Each of them requires special attention and 

comment. The findings of the literature (Shuto, 2020; Yakovlenko, 2005) are not fully 

reconfirmed in our complementary treatment, but by the very nature of the treatment, we will 

not be interested in conditions that lead to the validity of the assumptions that bring about the 

pure VdP form but will simulate scenarios that improvise those conditions and see the 

behaviour of the charge density. Oscillations of the charge density in the environment 

immediately lead to the appearance of a spatial oscillation, accepting that the process takes 

place on the surface of the created bubble and consequently propagates toward the source. The 

approximation is that the propagation speed is constant, and the screening effects studied above 

act as described. Then, in our presentation, we will consider the normalized parameters, and 

their physical meaning will be read in the set of parametrization equations 23. In the following 

simulations referring to the parametrizations made and studies (Shuto, 2021) taking the 

frequency of the plasma of the order of MHz, the time will be of the order of µs. A more 

accurate analysis requires an interpretation within the framework of electrodynamics.  quantum 

s from which we can derive a more accurate form of the values of the ionization and 

recombination frequencies. However, referring to studies (Shuto, 2020) the density of the 

charge is of the order of 1020 units of particles/m3. 

 

Simulation for very small γ and k1,2,3 

Initially, we assumed the values γ≃0 and k1,2,3, ≃0 (for the case when the external 

influence is small F=0) according to parametrizations and numerically integrated the equations. 
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In the figure below, the system behaves like a Van der Pol oscillator where the 

nonlinearity parameter μ takes the value 1.  

 
Figure 2. Phase portrait and oscillation for μ=2 

 

In Figure 4 we have presented the oscillation of the charge density in relation to time for 

different values of the parameters ranging from -1 to 2 with a step of 0.2, this is also reflected 

in Figure 5 of the phase portrait. As can be seen in the figure, for negative values of μ, the 

system has a solution according to a stable spiral, which disappears as quickly as the 

nonlinearity parameter is smaller. For parameter 0 we reach the harmonic oscillator, and for 

larger values, we reach the Van der Pol oscillator. We see that with a further increase of the 

nonlinearity parameter, the oscillation period of the plasma charge density increases. 

 
Figure 3. Oscillation of the normalized charge density for different values of the 

parameter μ from -1 to 2 with a step of 0.2 (ie for μ=-1,-0.8,-0.6,….1.6,1.8,2) 
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Figure 4.  Phase space, limit cycles and stable spirals for μ from 1 to 2 with step 0.2 

 
Figure 5. Oscillation of charge density for μ from 0 to 10 with step 1 

 
Figure 6. Limit cycles for μ from 0 to 10 with step 1 
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Referring to Figures 5 and 6 where μ has a wider range of values (from 0 to 10 with step 

1 practically 0, 1, 2....9, 10) we see that for large values of the parameter μ, the nonlinearity 

comes and is accentuated, and the period takes ever larger values for the largest nonlinearity 

parameter. 

 

General modelling, γ≠0 

First, we fix the parameter μ=1 and give different values to the parameter γ as we will 

see in the following figures. For larger values of γ in Figures 8 and 9 we see that the deformation 

is larger introducing a broadening in the upper part of the limit cycle reflected in a sharpening 

of the charge density oscillation. 

 

 
Figure 7. Limit cycle and charge density oscillation for fixed μ=1 and for γ=1 

Figure 8. Limit cycle and charge density oscillation for fixed μ=1 and for γ=3 

 

Change in relaxation amplitude 

The simulation shows that the amplitude of the oscillation varies depending on other 

conditions. We note that in the approximation of the harmonic oscillator, the constant 

amplitude is given by the invariance of the axes of the ellipse, while in our cases, the stability 

of the phase portrait indicates that the amplitude is variable and corresponds to that limit cycle. 
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Figure 9. Limit cycles for μ=1 fixed and for γ varying from 0 to 2 with a step of 0.3 

 

Now we produce a new scenario, we change the parameter γ which is related to 𝛾 =

2𝛽√
1

3𝜀𝜉
 .The diagram shows that the phase portrait changes, which shows that the amplitude 

changes. This change is not exactly a quenching-type effect, since the trajectory does not self-

assemble, but a resizing self-copy and some subsequent deformation is observed. Referring to 

Figures 11 and 12 where we have shown the phase space and the solution of the equation for 

fixed μ and for γ that varies from 0 to 2 with a step of 0.3, we understand that the limit cycle 

expands the larger the be parameter γ. Also, as the parameter increases, the amplitude and 

period increase. 

 

 
Figure 10. Charge density oscillation for fixed μ=1 and for γ varying from 0 to 2 

with step 0.3 



 
 

 

 

                                                  European Modern Studies Journal                           journal-ems.com 

 

360 European Modern Studies Journal, 2024, 8(5) 

  
Figure 11. Limit cycles for μ=1 fixed and for γ varying from -2 to 2 with step 0.4 

 

This behavior indicates that it differs from the previous regime by moving away from 

that of relaxation. In Figure 13, we have simulated the same model for a fixed nonlinearity 

parameter but for γ that varies from negative to positive values where, as we see from the 

figure, the implementation of negative values of the parameter gives us expansion/deformation 

in the lower part of the limit cycle. 

As the parameter γ increases from -2 to 2, we see that the system passes from an oscillator 

with lower amplitude (for γ=-2) through a Van der Pol oscillator, for parameter 0, to an 

oscillator with upper amplitude (for γ= 2). 

 

Figure 12. Charge density oscillation for fixed μ=1 and for γ varying from -2 to 2 

with step 0.4 

 

Unstable and chaotic regimes 

In this case, we considered γ≠0, k1,2,3, ≠0 and the external influence F≠0. We will see 

that the system will not oscillate according to one relaxing oscillation but will follow 

oscillations and near-chaotic behaviour. We first try to give these values γ=1, k1=0, k2=3.05, 

k3=1.5, F=1, Ω=1 (Miwadinou et al., 2013; Kadji et al., 2008) and do the simulation for 
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different values of the nonlinearity parameter of the Van der model Pol, μ, and we see how the 

phase space depends. 

We see that for small values of the μ parameter, the behaviour is oscillatory and quite 

slow. For larger values of the parameter μ the system spirals towards a fixed point. We are 

interested in studying the behaviour of the system for small values of the parameter μ to 

understand more details of this limit. The laser effect on plasma in optical fibres is an external 

factor that can be controlled by us more than any other parameter in the dynamic equation. 

Thus, in the following 2 figures we have presented the phase space and the charge density 

oscillation by fixing the parameters μ=0.02, γ=1, k1=0, k2=3.05, k3=1.5, Ω=0.5 and for 2 

different values of F. 

 

Figure 13. Phase space γ=1, k1=0, k2=3.05, k3=1.5, F=1, Ω=1 and for 6 different 

values of μ from 0 to 10 

  

 
Figure 14. Phase space and charge density oscillation for μ=0.02 γ=1, k1=0, k2=3.05, 

k3=1.5, Ω=0.5 and F=3.4 
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Figure 15. Phase space and charge density oscillation for μ=0.02, γ=1, k1=0, k2=3.05, 

k3=1.5, Ω=0.5 and F=20.5 

 

We see that for different values of F, the behaviour of the system changes, so we need to 

study how the parameter F affects the chaotic behaviour of the system. 

 
Figure 16. Phase space for values μ=0.02, γ=1, k1=0, k2=3.05, k3=1.5, Ω=0.5 and for 

F ranging from 0 to 22 

 

As we see from Figures 18 and 19 for F close to 0 the system is close to a limit cycle but, 

in this case, the system is spiralling unstable but with a small growth rate, i.e. the system 

diverges "slowly". For F>0 the system exhibits a quasi-chaotic behaviour spiralling sometimes 

on one side and sometimes on the other side of the phase space in an irregular manner. 
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Figure 17. Charge density oscillation for μ=0.02, γ=1, k1=0, k2=3.05, k3=1.5, Ω=0.5 

and for F varying from 0 to 22 

 

 
Figure 18. Bifurcation diagram for μ=0.02, γ=1, k1=0, k2=3.05, k3=1.5, Ω=0.5, and 

for F varying from 0 to 25 
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Figure 19. Lyaponov exponents for F from 0 to 25 

 

Figure 18 shows the bifurcation diagram for different values of the parameter F, where it 

is seen that the system undergoes chaotic behaviour for most cases of F, except for specific 

points. This diagram is simulated by numerically integrating the system and simulating the 

Poincare maps from which the bifurcation diagram is derived. 

Figure 19 shows the Lyapunov exponents for which approximate initial values were 

considered from which the internalization started (Biswa, 2007; Gega et al.,2024). Lyapunov 

exponents are added geometrically between them. As can be seen in each of the cases under 

consideration, the exponents are positive, which fulfils one of the conditions of chaos, being 

sensitive to the initial conditions. 

 

Conclusion 

The relaxation oscillation, according to the assumptions made, will not only occur in time 

but also in space along the fibre axis. The shape of the remaining cavities is a consequence of 

this oscillation along the fibre axis. For the case of fuse in optical fibres, when the propagation 

frequency between fluids and one of the frequencies in the nonlinear continuity equation are 

very small k1,2,3≃0, γ≃0 (normalized parameters) the system has a regular and relaxing Van 

der Pol oscillatory behaviour. 

From the simulation of the charge density oscillation with respect to time for the case of 

plasma oscillation in optical fibres (exact VdP model) for γ≃0 we observe an increase in the 

period with increasing nonlinearity parameter. The dependence between the nonlinearity 

parameter and the period is determined according to the figure below. 

When γ≠0 the model is not Van der Pol but an approximate model of it. This model 

exhibits some deformation in the amplitude and period of the oscillation and in the components 

of the period. According to the direct proportion between the spatial and temporal period (in 

the approximation when the burning rate is constant) and since the distance between the 

cavities and the length of the cavity are not equal (measured), this form of the oscillation model 

is more acceptable than the exact Van der Pol form. 

We see that the amplitude of the oscillation increases mainly. This effect comes from the 

introduction of the term γ. For negative values of the parameter γ the reverse process occurs. 

In the case when k1,2,3≠0, the system will be quite confused. If we consider an external 

influencing term the system will reach quasi-chaotic behaviour. The laser was simply the 

initiator of the plasma, and its influence is hidden in the plasma temperature and in other parts 
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since its energy is of the order w. A powerful laser, for example of the order kw, would have a 

direct influence on the particle density, therefore the external exciting term can be seen as an 

energetic laser. Experiments performed under such conditions show us a “bad” burning of the 

fibre or a “messy” burning (Frolov et al., 2006), i.e. without periodic cavities, a factor that 

gives us an indication that the behaviour in these cases may be quasi-chaotic. 

Plasma relaxation oscillations have found engineering applications such as in Tokamaks, 

cavity sensors caused by fibre fuse, etc. The consequences caused by plasma relaxation 

oscillations in optical fibres have found efficient and economical applications in the field of 

sensors (Domingues et al., 2015; Rao et al., 2017) 
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