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Abstract. The problem of continuous beams with intermediate support treated through 

the Transfer-Matrix Method is very special and interesting. This paper presents a study for an 

application of a statically determinate beam with cantilever and with an intermediate support. 

This approach is applied in orthodontics. The application of this research was made for a case 

study of a dental bridge with two adjacent poles and with only one missing tooth, because 

dental restorations are very important not only from an aesthetic point of view, but especially 

for mastication and therefore, for the health of the entire human body. A case study was 

presented of a dental bridge in mesial extension assimilated with a statically determined beam 

with cantilever and with an intermediate support. The two poles of the dental bridge are 

assimilated as the edges of the beam and the missing tooth is the cantilever. The calculus and 

results were validated with those from the classical calculus in the Strength of Materials. In the 

future, through the Transfer-Matrix Method, other new and original case studies with different 

modeling and requests will be presented. 

Key words: dental bridge, mesial extension, statically determinate beam with cantilever, 
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Introduction 

The Transfer-Matrix Method (TMM) is a different approach in many fields where 

iterative calculus and optimized results according to different criteria are required. In this sense, 

interdisciplinary studies are necessary. A new, original and elegant theoretical calculus for a 

statically determinate beam with cantilever and with an intermediate support charged with an 

uniform load along its entire length is presented in this work. The application of this research 

was made for case study of a dental bridge with two adjacent poles and with only one missing 

tooth, because dental restorations are very important not only from an aesthetic point of view, 

but especially for mastication and therefore, for the health of the entire human body. The 

calculus and results were validated with those from the classical calculus in the Strength of 

Materials. In the future, through the TMM, other new and original case studies with different 

modeling and requests will be presented. 

 

Literature Review 

In scientific literature, different approaches are presented, both mathematical, theoretical 

and experimental. A comprehensive review on dental calculus can be found (Aghanashini et 

al., 2016) and a systematic review and meta-analysis about biological oriented preparation 

technique (BOPT) for tooth preparation is presented (Al-Haddad et al., 2024). It can be shown 

a radiographic evaluation of the margins of clinically acceptable metal-ceramic crowns (Badar 

et al., 2022). There is a study on ten-year survival of bridges placed in the General Dental 

Services in England and Wales (Burke & Lucarotti, 2012). A recent development in beta 

titanium alloys for biomedical applications is presented (Chen, Cui & Zhang, 2020). It can be 

studied about the Transfer-Matrix Method for calculus of long cylinder tube with industrial 

applications (Codrea et al., 2023) and about calculus through the Transfer Matrix Method of a 
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beam with intermediate support with applications in dental restorations (Cojocariu-Oltean et 

al., 2024). It is presented an experimental investigation about bending fracture of Co-Cr dental 

bridges, produced by additive technologies (Dikova, 2018) and a simulation analysis and test 

for bending fracture of Co-Cr dental bridges, produced by additive technologies (Dikova & 

Vasilev, 2019). Dimensional accuracy and surface roughness of polymeric dental bridges 

produced by different 3D printing processes is given (Dikova et al, 2018). About integrated 

construction and simulation of tool paths for milling dental crowns and bridges is presented 

(Gaspar & Weichert, 2023). It is very important to know the basis of calculus through the 

Transfer-Matrix Method for the calculus of structures (Gery & Calgaro, 1987). An interesting 

review about the dental bridge procedure to straighten loose teeth is given (Ifwandi, 2023). A 

potential application of materials based on a polymer and CAD/CAM composite resins in 

prosthetic dentistry is presented (Jovanovic, Živic & Milosavljevic, 2021). About the buckling 

of piles in layered soils by Transfer-Matrix Method is shown (Lu, Tao & Quian, 2021). An in 

vitro study about the fracture resistance of CAD/CAM provisional crowns with two different 

designs is presented (Mekled et al., 2024). It can be found a comparison of tensile bond strength 

of fixed-fixed versus cantilever single-and double-abutted resin-bonded bridges dental 

prosthesis (Narwani et al., 2022). Effect of endodontic access preparation on fracture load of 

translucent versus conventional zirconia crowns with varying occlusal thickness is given (Nejat 

et al., 2021). Titanium-based biomaterials for preventing stress shielding between implant 

devices and bone is presented (Niinom & Nakai, 2011). Studies about mechanical reliability, 

fatigue strength and survival analysis of new polycrystalline translucent zirconia ceramics for 

monolithic restorations are shown (Pereira et al., 2018). The design implications from fatigue 

of zirconia and dental bridge geometry are given (Quinna et al., 2010). It is presented current 

and emerging applications of 3D printing of dental prostheses (Rezaie et al., 2023). About the 

effect of preparation taper on the resistance to fracture of monolithic zirconia crowns can be 

found (Schriwer et al., 2021) and the effect of margin design on fracture load of zirconia crowns 

too (Skjold, Schriwer & Øilo, 2019). A study about the fatigue of zirconia under cyclic loading 

in water and its implications for the design of dental bridges is given (Studart et al., 2007). An 

approach by TMM for mandible body bone calculus is given (Suciu, 2023). Basis of classical 

calculus of strength of materials it can be found (Suciu & Tripa, 2021). The calculus through 

the TMM for elastic-buckling analysis of compression bar is presented (Sun & Li, 2011). A 

review of the surface modifications of titanium alloys for biomedical applications is presented 

(Uporabo, 2017). Research on the surface of the dental alloys with cobalt-crom base is shown 

(Uriciuc, Vermesan & Botean, 2019). Formulas for stress and strain are given (Warren, 1989).  

Methods 

 

General approach with TMM for beams with intermediate supports 

A statically beam with intermediate supports can be studied as an indeterminate 

continuous beam, (Gery & Calgaro, 1987). For starters, it is considered a statically 

indeterminate continuous beam with cantilever at the right extremity, articulate at the left edge 

and free at the right end at the end of the console and with intermediate supports, as in Figure 

1. 

 

Calculus hypotheses 

It is considered a statically indeterminate continuous beam, articulate at the left end, free 

at the right end and with i (i=1, n-1) intermediate simple supports, as in Figure 1. 
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Figure 1. Indeterminate beam with cantilever and with i (i=1, n-1) intermediate supports 

 

For all the beam, the lengths of all parts are known.  

It is considered the constant inertia of the entire beam. 

A reference system with the origin in the left end, the end noted with 0, it is considered. 

Generally, the total external vertical forces are characterized by a total charge density 

q(x), as (1): 

q(x) = q1(x) + q2(x) + q3(x)                                                (1) 

That consists of: 

• q1(x) corresponds to the vertical concentrated loads; 

• q2(x) corresponds to the force uniformly distributed over the entire beam; 

• q3(x) corresponds to the unknown vertical reactions arise at each edge, at the intermediate 

supports, i.e. vertical reactions due to the external forces considered to act on the beam. 

In the approach that will be presented, the unknown vertical reactions arise from each 

intermediate support and at the left end too, will be considered as external forces.  

 

State vectors for some section of continuous beam 

It is defined the state vectors for different sections of the continuous beam can as follows. 

{S(x)} is the State vector at the section x on the x-axis, the position of the section being 

measured from the origin of the reference system, which is in the left edge 0, as (2): 
{𝑆(𝑥)} = {𝑓(𝑥), 𝑟(𝑥),𝑀(𝑥), 𝑇(𝑥)}−1                                        (2) 

The elements of the state vector (2) are: 

• f(x) - the arrow in the section x; 

• r(x) - the rotating in the section x; 

• M(x) - the bending moment in the section x; 

• T(x) - the cutting force in section x. 

The state vector at the origin {S(0)}= {S}0 in the section 0 is as (3): 
{𝑆(0)} = {𝑓(0), 𝑟(0),𝑀(0), 𝑇(0)}−1 = {𝑆}0 = {𝑓0, 𝑟0,𝑀0, 𝑇0}

−1                     (3) 

l, the total length of continuous beam with cantilever, is as (4): 

𝑙 = ∑ 𝑑𝑖
𝑛−1
𝑖=1                                                             (4) 

when di, i=1, n-1  is the distance between two consecutive supports and dn = c is the length of 

the console at the right end of the beam. At the last section, in the section n, the state vector 

{S(l)} = {S(l)}= {S}l  for x=l+c, is as (5): 
{𝑆(𝑙 + 𝑐)} = {𝑓(𝑙 + 𝑐), 𝑟(𝑙 + 𝑐),𝑀(𝑙 + 𝑐), 𝑇(𝑙 + 𝑐)}−1 = {𝑆}𝑙+𝑐 =
                                                                              = {𝑓𝑙+𝑐, 𝑟𝑙+𝑐, 𝑀𝑙+𝑐, 𝑇𝑙+𝑐}

−1                                   (5) 

 

Transfer-Matrix at some section x 

It is noted with [TM]x the Transfer-Matrix for some section x is as (6), (Gery & Calgaro, 

1987): 

T0   R1 R2 

  ⌾ 

 Ri Rn-1 

  ①    ② i  n-1   n  ⓪ 

ℓ1 

 ℓ2 

 ℓi 
ℓ c 

   d1    d2    dn 

 x 
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[𝑇𝑀]𝑥 =

[
 
 
 
 1 𝑥

𝑥2

2𝐸𝐼
−

𝑥3

6𝐸𝐼

0 1
𝑥

𝐸𝐼
−

𝑥2

2𝐸𝐼

0 0 1 −𝑥
0 0 0 1 ]

 
 
 
 

                                                  (6) 

 

Matrix relation for some section x of continuous beam with cantilever 

The state vector from the origin (the section 0) is connected with the state vector from 

some section x, with relation (7):  

{

𝑓(𝑥)

𝑟(𝑥)

𝑀(𝑥)

𝑇(𝑥)

} = [𝑇𝑀]𝑥 {

𝑓(0)

𝑟(0)

𝑀(0)

𝑇(0)

} + {𝐸(𝑥)}                                         (7) 

when: 

• [TM]x is the Transfer-Matrix corresponding at section x; 

• {E(x)} is the vector for Exterior forces at section x. 

The elements of vector {E(x)} will be the proper external forces and the unknown vertical 

reactions from the supports. 

 

Vector for exterior efforts at some section x 

The vector for exterior efforts {E(x)} is composed of the effective external forces and the 

still unknown reactions.  

 

Charge Density for a continuous beam 

Next, the three terms from relation (1) will be explained. With Dirac’s and Heaviside’s 

functions and operators, (Gery & Calgaro, 1987), the charge densities can be written: 

- for the exterior vertical concentrated loads, the charge density q1(x), for a number j 

of exterior loads Vj, j=1, k, acting in the point cj, j=1, k, can be written as (8): 

𝑞1(𝑥) = −∑ 𝑉𝑗
𝑘
𝑗=1 𝛿(𝑥 − 𝑐𝑗)                                              (8) 

- for the uniformly distributed vertical load u(x), if it is on the whole beam, the charge 

density q2(x), can be written as (9):  

𝑞2(𝑥) = −𝑢(𝑥)𝛿(𝑥)                                                     (9) 

- for the vertical reactions, Ri, i=0, n-1 in the edges, the density charge q3(x), can be 

written as (10): 

𝑞3(𝑥) = ∑ 𝑅𝑖
𝑛−1
𝑖=0 𝛿(𝑥 − 𝑙𝑖)                                              (10) 

with the following specifications (11):   

{

𝑙0 = 0
𝑙𝑛−1 = 𝑙
𝑅0 = 𝑇0

                                                            (11) 

and: 

• j is the point where act the concentrated vertical force Vj; 

• Vj, j=1, k, are the exterior vertical concentrated loads; 

• k is the number of the concentrated vertical force; 

• i refers to the edge with number i;  

• n is the total number of edges;  

• u(x) is the uniformly vertical distributed load for all beam; 

• Ri is the vertical reaction in the edge i. 

The mathematical development calculus with Dirac’s and Heaviside’s functions and 

operators for (8), gives successively (12):  
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{
  
 

  
 

𝑞11(𝑥) = −∑ 𝑉𝑗
𝑘
𝑗=1 𝑌(𝑥 − 𝑐𝑗)

𝑞12(𝑥) = −∑ 𝑉𝑗
𝑘
𝑗=1 (𝑥 − 𝑐𝑗)𝑌(𝑥 − 𝑐𝑗)

𝑞13(𝑥) = −∑ 𝑉𝑗
𝑘
𝑗=1

(𝑥−𝑐𝑗)
2

2
𝑌(𝑥 − 𝑐𝑗)

𝑞14(𝑥) = −∑ 𝑉𝑗
𝑘
𝑗=1

(𝑥−𝑐𝑗)
3

6
𝑌(𝑥 − 𝑐𝑗)

                                        (12) 

For (9) it is obtained (13):  

{
 
 

 
 
𝑞21(𝑥) = −𝑥𝑢(𝑥)𝑌(𝑥)

𝑞22(𝑥) = −
𝑥2

2
𝑢(𝑥)𝑌(𝑥)

𝑞23(𝑥) = −
𝑥3

6
𝑢(𝑥)𝑌(𝑥)

𝑞24(𝑥) = −
𝑥4

24
𝑢(𝑥)𝑌(𝑥)

                                                   (13) 

And for (10) it is obtained (14): 

{
 
 

 
 

𝑞31(𝑥) = ∑ 𝑅𝑖
𝑛−1
𝑖=0 𝑌(𝑥 − 𝑙𝑖)

𝑞32(𝑥) = ∑ 𝑅𝑖
𝑛−1
𝑖=0 (𝑥 − 𝑙𝑖)𝑌(𝑥 − 𝑙𝑖)

𝑞33(𝑥) = ∑ 𝑅𝑖
𝑛−1
𝑖=0

(𝑥−𝑙𝑖)
2

2
𝑌(𝑥 − 𝑙𝑖)

𝑞34(𝑥) = ∑ 𝑅𝑖
𝑛−1
𝑖=0

(𝑥−𝑙𝑖)
3

6
𝑌(𝑥 − 𝑙𝑖)

                                           (14) 

The total charge density can be written as (15): 

{
  
 

  
 

𝑞′(𝑥) = −∑ 𝑉𝑗
𝑘
𝑗=1 𝑌(𝑥 − 𝑐𝑗) − 𝑥𝑢(𝑥)𝑌(𝑥) + ∑ 𝑅𝑖

𝑛−1
𝑖=0 𝑌(𝑥 − 𝑙𝑖)

𝑞′′(𝑥) = −∑ 𝑉𝑗
𝑘
𝑗=1 (𝑥 − 𝑐𝑗)𝑌(𝑥 − 𝑐𝑗) −

𝑥2

2
𝑢(𝑥)𝑌(𝑥) + ∑ 𝑅𝑖

𝑛−1
𝑖=0 (𝑥 − 𝑙𝑖)𝑌(𝑥 − 𝑙𝑖)

𝑞′′′(𝑥) = −∑ 𝑉𝑗
𝑘
𝑗=1

(𝑥−𝑐𝑗)
2

2
𝑌(𝑥 − 𝑐𝑗) −

𝑥3

6
𝑢(𝑥)𝑌(𝑥) + ∑ 𝑅𝑖

𝑛−1
𝑖=0

(𝑥−𝑙𝑖)
2

2
𝑌(𝑥 − 𝑙𝑖)

𝑞′′′′(𝑥) = −∑ 𝑉𝑗
𝑘
𝑗=1

(𝑥−𝑐𝑗)
3

6
𝑌(𝑥 − 𝑐𝑗) −

𝑥4

24
𝑢(𝑥)𝑌(𝑥) + ∑ 𝑅𝑖

𝑛−1
𝑖=0

(𝑥−𝑙𝑖)
3

6
𝑌(𝑥 − 𝑙𝑖)

    (15) 

 

Vector of exterior forces at some section x 

For exterior forces at some section x, the vector of exterior loads (including the vertical 

reactions) is as (16):  
{𝐸(𝑥)} =     

=

{
 
 
 
 
 
 

 
 
 
 
 
 
−∑𝑉𝑗

𝑘

𝑗=1

(𝑥 − 𝑐𝑗)
3

6
𝑌(𝑥 − 𝑐𝑗) −

𝑥4

24
𝑢(𝑥)𝑌(𝑥) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑥 − 𝑙𝑖)
3

6
𝑌(𝑥 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

(𝑥 − 𝑐𝑗)
2

2
𝑌(𝑥 − 𝑐𝑗) −

𝑥3

6
𝑢(𝑥)𝑌(𝑥) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑥 − 𝑙𝑖)
2

2
𝑌(𝑥 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

(𝑥 − 𝑐𝑗)𝑌(𝑥 − 𝑐𝑗) −
𝑥2

2
𝑢(𝑥)𝑌(𝑥) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑥 − 𝑙𝑖)𝑌(𝑥 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

𝑌(𝑥 − 𝑐𝑗) − 𝑥𝑢(𝑥)𝑌(𝑥) +∑𝑅𝑖

𝑛−1

𝑖=0

𝑌(𝑥 − 𝑙𝑖)
}
 
 
 
 
 
 

 
 
 
 
 
 

 

        

(16) 

  

Calculus algorithm through the TMM 

The matrix relation (7) can be written as (17): 
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{

𝑓(𝑥)

𝑟(𝑥)

𝑀(𝑥)

𝑇(𝑥)

} =

[
 
 
 
 
 1 𝑥

𝑥2

2𝐸𝐼
−
𝑥3

6𝐸𝐼

0 1
𝑥

𝐸𝐼
−
𝑥2

2𝐸𝐼
0 0 1 −𝑥
0 0 0 1 ]

 
 
 
 
 

{

𝑓(0)

𝑟(0)

𝑀(0)

𝑇(0)

} + 

+

{
 
 
 
 
 
 

 
 
 
 
 
 
−∑𝑉𝑗

𝑘

𝑗=1

(𝑥 − 𝑐𝑗)
3

6
𝑌(𝑥 − 𝑐𝑗) −

𝑥4

24
𝑢(𝑥)𝑌(𝑥) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑥 − 𝑙𝑖)
3

6
𝑌(𝑥 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

(𝑥 − 𝑐𝑗)
2

2
𝑌(𝑥 − 𝑐𝑗) −

𝑥3

6
𝑢(𝑥)𝑌(𝑥) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑥 − 𝑙𝑖)
2

2
𝑌(𝑥 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

(𝑥 − 𝑐𝑗)𝑌(𝑥 − 𝑐𝑗) −
𝑥2

2
𝑢(𝑥)𝑌(𝑥) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑥 − 𝑙𝑖)𝑌(𝑥 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

𝑌(𝑥 − 𝑐𝑗) − 𝑥𝑢(𝑥)𝑌(𝑥) +∑𝑅𝑖

𝑛−1

𝑖=0

𝑌(𝑥 − 𝑙𝑖)

}
 
 
 
 
 
 

 
 
 
 
 
 

 

    

(17) 

For x=l+c, for the last section, the expression (17) can be written as (18): 

{

𝑓(𝑙 + 𝑐)

𝑟(𝑙 + 𝑐)

𝑀(𝑙 + 𝑐)

𝑇(𝑙 + 𝑐)

} =

[
 
 
 
 
 1 𝑙 + 𝑐

(𝑙 + 𝑐)2

2𝐸𝐼
−
(𝑙 + 𝑐)3

6𝐸𝐼

0 1
𝑙 + 𝑐

𝐸𝐼
−
(𝑙 + 𝑐)2

2𝐸𝐼
0 0 1 −(𝑙 + 𝑐)
0 0 0 1 ]

 
 
 
 
 

{

𝑓(0)

𝑟(0)

𝑀(0)

𝑇(0)

} + 

+

{
 
 
 
 
 
 

 
 
 
 
 
 
−∑𝑉𝑗

𝑘

𝑗=1

(𝑙 + 𝑐 − 𝑐𝑗)
3

6
𝑌(𝑙 + 𝑐 − 𝑐𝑗) −

(𝑙 + 𝑐)4

24
𝑢(𝑙 + 𝑐) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑙 + 𝑐 − 𝑙𝑖)
3

6
𝑌(𝑙 + 𝑐 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

(𝑙 + 𝑐 − 𝑐𝑗)
2

2
𝑌(𝑙 + 𝑐 − 𝑐𝑗) −

(𝑙 + 𝑐)3

6
𝑢(𝑙 + 𝑐) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑙 + 𝑐 − 𝑙𝑖)
2

2
𝑌(𝑙 + 𝑐 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

(𝑙 + 𝑐 − 𝑐𝑗)𝑌(𝑙 + 𝑐 − 𝑐𝑗) −
(𝑙 + 𝑐)2

2
𝑢(𝑙 + 𝑐) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑙 + 𝑐 − 𝑙𝑖)𝑌(𝑙 + 𝑐 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

𝑌(𝑙 + 𝑐 − 𝑐𝑗) − (𝑙 + 𝑐)𝑢(𝑙 + 𝑐) +∑𝑅𝑖

𝑛−1

𝑖=0

𝑌(𝑙 + 𝑐 − 𝑙𝑖)
}
 
 
 
 
 
 

 
 
 
 
 
 

 

(18) 

 

In matrix relation (18), conditions for the extreme edges can be placed, in section 0, as (19): 

{
𝑓0 = 0
𝑀0 = 0

                                                           (19) 

and in section n for x=l+c, conditions are as (20): 

{
𝑀(𝑙 + 𝑐) = 𝑀𝑛 = 0

𝑇(𝑙 + 𝑐) = 𝑇𝑛 = 0
                                                 (20) 

if there are no concentrated external forces or concentrated bending moments on the end of the 

console (in the section n). 

 With the conditions (19) and (20), the matrix relation (18) can be written as (21): 
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{

𝑓(𝑙 + 𝑐)

𝑟(𝑙 + 𝑐)
0
0

} =

[
 
 
 
 
 1 𝑙 + 𝑐

(𝑙 + 𝑐)2

2𝐸𝐼
−
(𝑙 + 𝑐)3

6𝐸𝐼

0 1
𝑙 + 𝑐

𝐸𝐼
−
(𝑙 + 𝑐)2

2𝐸𝐼
0 0 1 −(𝑙 + 𝑐)
0 0 0 1 ]

 
 
 
 
 

{

0
𝜔0
0
𝑇0

}+ 

+

{
 
 
 
 
 
 

 
 
 
 
 
 
−∑𝑉𝑗

𝑘

𝑗=1

(𝑙 + 𝑐 − 𝑐𝑗)
3

6
𝑌(𝑙 + 𝑐 − 𝑐𝑗) −

(𝑙 + 𝑐)4

24
𝑢(𝑙 + 𝑐) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑙 + 𝑐 − 𝑙𝑖)
3

6
𝑌(𝑙 + 𝑐 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

(𝑙 + 𝑐 − 𝑐𝑗)
2

2
𝑌(𝑙 + 𝑐 − 𝑐𝑗) −

(𝑙 + 𝑐)3

6
𝑢(𝑙 + 𝑐) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑙 + 𝑐 − 𝑙𝑖)
2

2
𝑌(𝑙 + 𝑐 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

(𝑙 + 𝑐 − 𝑐𝑗)𝑌(𝑙 + 𝑐 − 𝑐𝑗) −
(𝑙 + 𝑐)2

2
𝑢(𝑙 + 𝑐) +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑙 + 𝑐 − 𝑙𝑖)𝑌(𝑙 + 𝑐 − 𝑙𝑖)

−∑𝑉𝑗

𝑘

𝑗=1

𝑌(𝑙 + 𝑐 − 𝑐𝑗) − (𝑙 + 𝑐)𝑢(𝑙 + 𝑐) +∑𝑅𝑖

𝑛−1

𝑖=0

𝑌(𝑙 + 𝑐 − 𝑙𝑖)

}
 
 
 
 
 
 

 
 
 
 
 
 

 

      

                

(21) 

The conditions for the arrows in each intermediate supports must be set, they must be 

null in each intermediate supports as (22): 

for i=1, n-1  ⇒ fi = f(li) = 0                                             (22) 

what gives (23): 

𝑙𝑖𝑟0 − 𝑙𝑖
3  

𝑇0

6𝐸𝐼
+∑ (𝑙𝑖 − 𝑙1)

3𝑛−1
𝑖=1

𝑅𝑖

6𝐸𝐼
 = −∑ ∑ 𝑉𝑗

𝑘
𝑗=1

(𝑙𝑖−𝑙1)
3

6𝐸𝐼
𝑌(𝑙𝑖 − 𝑙1)

𝑛
𝑖=1 − ∑

(𝑙𝑖−𝑙1)
4

24𝐸𝐼

𝑛
𝑖=0 𝑢(𝑙𝑖 − 𝑙1)   

(23) 

The conditions for 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡 end of the beam, for x=l+c, are (20) and give (24): 

 

{
 
 

 
 
𝑙𝑖𝑟0 − (𝑙 + 𝑐)𝑇0  +∑𝑅𝑖

𝑛−1

𝑖=0

(𝑙 + 𝑐 − 𝑐𝑗) −∑∑𝑉𝑗

𝑘

𝑗=1

(𝑙 + 𝑐 − 𝑐𝑗)

𝑛

𝑖=1

−∑
(𝑙 + 𝑐 − 𝑙𝑖)

2

2𝐸𝐼
𝑢(𝑙 + 𝑐 − 𝑙𝑖)

𝑛

𝑖=0

= 0

 −
(𝑙 + 𝑐)2

2𝐸𝐼
𝑇0 +∑𝑅𝑖

𝑛−1

𝑖=1

−∑𝑉𝑗

𝑘

𝑗=1

−∑(𝑙 + 𝑐 − 𝑙𝑖)𝑢(𝑙 + 𝑐 − 𝑙𝑖)

𝑛

𝑖=0

= 0

  

 

 

                                                                                                                                             (24)  

or (25): 

{
𝑙𝑖𝑟0 − (𝑙 + 𝑐)𝑇0  + ∑ 𝑅𝑖

𝑛−1
𝑖=0 (𝑙 + 𝑐 − 𝑐𝑗) = ∑ ∑ 𝑉𝑗

𝑘
𝑗=1 (𝑙 + 𝑐 − 𝑐𝑗)

𝑛
𝑖=1 + ∑

(𝑙+𝑐−𝑙𝑖)
2

2𝐸𝐼
𝑢(𝑙 + 𝑐 − 𝑙𝑖)

𝑛
𝑖=0

−
(𝑙+𝑐)2

2𝐸𝐼
𝑇0 + ∑ 𝑅𝑖

𝑛−1
𝑖=1 = ∑ 𝑉𝑗

𝑘
𝑗=1 + ∑ (𝑙 + 𝑐 − 𝑙𝑖)𝑢(𝑙 + 𝑐 − 𝑙𝑖)

𝑛
𝑖=0

     

 (25) 

The relations (23) and (24) can be written in a matrix relation like (25), considering that 

r0,   
𝑇0

6𝐸𝐼  
 and ∑

𝑅𝑖

𝐸𝐼

𝑛−1
𝑖=1   are the unknowns: 
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[
 
 
 
 
 
 
 
 
𝑙1 −𝑙1

3 0 0 0 ⋯ 0

𝑙2 −𝑙2
3 (𝑙2 − 𝑙1)

3 0 0 ⋯ 0

𝑙3 −𝑙3
3 (𝑙3 − 𝑙1)

3 (𝑙3 − 𝑙2)
3 0 ⋯ 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
𝑙𝑖 −𝑙𝑖

3 (𝑙𝑖 − 𝑙1)
3 (𝑙𝑖 − 𝑙2)

3 (𝑙𝑖 − 𝑙3)
3 ⋯ 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
𝑙 + 𝑐 −(𝑙 + 𝑐)3 (𝑙 + 𝑐 − 𝑙1)

3 (𝑙 + 𝑐 − 𝑙2)
3 (𝑙 + 𝑐 − 𝑙3)

3 ⋯ (𝑙 + 𝑐 − 𝑙𝑛−1)
3

0 −(𝑙 + 𝑐) 𝑙 + 𝑐 − 𝑙1 𝑙 + 𝑐 − 𝑙2 𝑙 + 𝑐 − 𝑙3 ⋯ 𝑙 + 𝑐 − 𝑙𝑛−1 ]
 
 
 
 
 
 
 
 

{
 
 
 
 

 
 
 
 
𝑟0
𝑇0

6𝐸𝐼
𝑅1

6𝐸𝐼

⋮
⋮

𝑅𝑛−2

6𝐸𝐼
𝑅𝑛−1

6𝐸𝐼 }
 
 
 
 

 
 
 
 

=

{
 
 
 
 

 
 
 
 −∑ 𝑉𝑗

𝑘
𝑗=1

(𝑙1)
3

6𝐸𝐼
𝑌(𝑙1) −

(𝑙1)
4

24𝐸𝐼
𝑢(𝑙1)

−∑ 𝑉𝑗
𝑘
𝑗=1

((𝑙2−𝑙1))
3

6𝐸𝐼
−

((𝑙2−𝑙1))
4

24𝐸𝐼
𝑢(𝑙2 − 𝑙1)

⋮

−∑ ∑ 𝑉𝑗
𝑘
𝑗=1

(𝑙𝑖−𝑙1)
3

6𝐸𝐼

𝑛−1
𝑖=1 −∑

(𝑙𝑖−𝑙1)
4

24𝐸𝐼

𝑛
𝑖=0 𝑢(𝑙𝑖 − 𝑙1)

⋮

∑ ∑ 𝑉𝑗
𝑘
𝑗=1 (𝑙 + 𝑐 − 𝑙𝑖)

𝑛−1
𝑖=1 −∑

(𝑙+𝑐−𝑙𝑖)
2

2𝐸𝐼
𝑢(𝑙 + 𝑐 − 𝑙𝑖)

𝑛
𝑖=0

∑ 𝑉𝑗
𝑘
𝑗=1 −∑ (𝑙 + 𝑐 − 𝑙𝑖)𝑢(𝑙 + 𝑐 − 𝑙𝑖)

𝑛
𝑖=0 }

 
 
 
 

 
 
 
 

                                 (26) 

The system of linear equations (24) can be solved and the unknowns r0, T0 and                     

Ri, i=1, n-1 can be determined. Now, the elements of the state vectors for all sections can be 

calculated, knowing the elements of the state vector from the origin. Then, it is possible to 

calculus all efforts and deformations in all sections of the beam. 

 

Results and Discussion 

 

Application for a dental bridge in mesial extension with two poles and one edentulous, 

assimilated as a statically determined continuous beam, with an intermediate support and 

with cantilever  

The mathematical algorithm presented can be applied in dentistry, in occurrence, it will 

be presented for a dental bridge in mesial extension with two poles and one missing tooth. The 

dental bridge will be assimilated as a continuous beam, statically determined with an 

intermediate support and with cantilever. 
 

The dental bridge in mesial extension  

It is considered a dental bridge in mesial extension with two poles and one missing tooth, 

case presented as in Figure 2.  

 
Figure 2. A dental bridge in mesial extension with two poles and one missing tooth 

pole teeth 

ℓ      ℓ 

u 
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It is proposed a dental bridge with the following characteristics: 

- the dental bridge consists of two poles, which can be two consecutive natural teeth 

prepared to dental bridge as poles, or two consecutive dental implants; 

- the second pole is considered as an intermediate support, because it is found 

between the two extremities of the dental bridge;  

- the missing tooth is considered to be at the right end of the dental bridge; 

- the distances between the middle of the left pole and the middle of the next pole 

(second pole) and the distance between the middle of the second pole and the middle 

of the missing tooth are considered equal each other; 

- an uniformly distributed vertical force is considered to act on the dental bridge, as 

in Figure 2. and Figure 3., as a result of the action of the antagonistic teeth on the 

jaw. 

 

The continuous beam with cantilever and with one intermediate support   

The dental bridge in mesial extension with two poles and one missing tooth, case 

presented as in Figure 2., can be assimilated as a continuous beam with cantilever and one 

intermediate support, as in Figure 3.  

 
Figure 3. A dental bridge in mesial extension with two poles and one edentulous, 

assimilated as a determinate beam with cantilever and with an intermediate support 

 

The following conditions are considered to be able to use the calculus algorithm 

presented: 

- the beam from Figure 3 is a statically determinate beam; 

- it is noted with l the distance between the middle of the left pole which is considered 

as the left edge of the beam and the middle of the second pole which is considered 

as the intermediate support of the beam, and the distance between the middle of the 

second pole (the intermediate support) and the middle of the tooth which replaces 

the missing tooth is l too; 

- the distance between the middle of the tooth which replaces the missing tooth, and 

the free extremity is l/2; 

- for the entire beam, the constant inertia is also considered; 

- the cantilever of the beam has the length 3l/2, that is considered the distance 

between the middle of the second pole (the intermediate support) and the free end 

of cantilever;  

- the origin of a reference system it is considered in the left edge, the edge 0; 

- the left edge it is considered an articulated edge (in the left pole) and with a simple 

support in the middle (the intermediate support) and free at the right extremity, the 

cantilever extremity; 

- the uniform distributed vertical load act on the dental bridge and on the beam too, 

as in Figure 2 and Figure 3. 

 

 

  ⌾ 

   R1 
 ℓ ℓ T0 

  0 

 ①  ② 

 Intermediate support  

u 

ℓ/2 

     3 
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Approach of calculus for statically determinate continuous beam with cantilever and with 

an intermediate support through the TMM 

The dental bridge from Figure 2. is assimilated as a continuous beam from Figure 3., that 

is considered for this study.  

It is a continuous beam, articulate at the left edge, with a simple support at the right edge 

and with a simple intermediate support. The simple support is considered as an intermediate 

support because it is between the two ends of the continuous beam, between the articulate edge 

of the left side and the simple support at the right side, as in Figure 3.  

The left edge is noted as 0, i.e. the articulate edge will be called the origin section, 

considering 0 as the origin of the reference system Ox. The second edge, the simple 

intermediate support, is noted with 1 and the right edge is noted with 2, the section up to which 

the vertical uniformly distributed load acts.  

The charge density q2(x) corresponding of exterior uniform distributed vertical load for 

the continuous beam from Figure 3., is as (27): 

𝑞2(𝑥) = −𝑢(𝑥)𝛿(𝑥)                                                   (27) 

and applying the mathematical calculus with Dirac’s and Heaviside’s functions and operators 

and the matrix calculus presented, for the case of Figure 3., the relation (26) can be written as 

the matrix relation (28): 

[
𝑙 −𝑙3 0
2𝑙 −(2𝑙)3 𝑙3

0 −2𝑙 𝑙

] {

𝑟0
𝑇0

6𝐸𝐼
𝑅1

6𝐸𝐼

} =

{
 
 

 
 

𝑢𝑙4

24𝐸𝐼

𝑢(2𝑙)4

24𝐸𝐼

𝑢(2𝑙)2

12𝐸𝐼

}
 
 

 
 

                                     (28) 

or, (29): 

[
𝑙 −𝑙3 0
2𝑙 −8𝑙3 𝑙3

0 −2𝑙 𝑙

]{

𝑟0
𝑇0

6𝐸𝐼
𝑅1

6𝐸𝐼

} =

{
 
 

 
 
𝑢𝑙4

24𝐸𝐼

2𝑢𝑙4

3𝐸𝐼

𝑢𝑙2

3𝐸𝐼 }
 
 

 
 

                                        (29) 

Due to the fact that the beam with the cantilever from Figure 3. has the cantilever equal 

to the distance between the supports, c = l and due to the symmetry of the load, additional 

conditions must be put, for the left support, as (3): 

T0 = 0                                                                  (30) 

With the condition from (30), the matrix relation (29) can be written as (31):  

[
𝑙 −𝑙3 0
2𝑙 −8𝑙3 𝑙3

0 −2𝑙 𝑙

]{

𝑟0
0
𝑅1

6𝐸𝐼

} =

{
 
 

 
 
𝑢𝑙4

24𝐸𝐼

2𝑢𝑙4

3𝐸𝐼

𝑢𝑙2

3𝐸𝐼 }
 
 

 
 

                                        (31) 

or, it can be written under the form (32): 

[
𝑙 0
0 𝑙

] {
𝑟0
𝑅1

6𝐸𝐼

} = {

𝑢𝑙4

24𝐸𝐼

𝑢𝑙2

3𝐸𝐼

}                                                 (32) 

(32) can be developed as (33): 

{
𝑙𝑟0 =

𝑢𝑙4

24𝐸𝐼

𝑅1

6𝐸𝐼
=

𝑢𝑙2

3𝐸𝐼

                                                                    (33) 

with solution (34): 
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{
𝑟0 =

𝑢𝑙3

24𝐸𝐼

𝑅1 = 2𝑢𝑙
                                                         (34) 

value identical to that given by the classic calculation from Materials Resistance, (Suciu & 

Tripa, 2021; Warren, 1989).  

 

Conclusion 

The problem of intermediate supports for a statically determinate or indeterminate beams 

through the TMM is a very interesting approach with Dirac’s and Heaviside’s functions and 

operators. This study presents a new and original calculus for the statically determinate 

continuous beams with intermediate support through the TMM. To derive the general calculus 

formulas, it is started from the generalization of a statically indeterminate continuous beam, 

with n-1 intermediate supports presented. Then it was customized for a dental bridge in mesial 

extension, as in Figure 2., assimilated with a statically determinate beam with cantilever and 

with an intermediate support, as in Figure 3. In the presented case study, the results were 

validated with those obtain from the classical calculus of Strength of Materials. In the future, 

other new and original cases of applications in orthodontics will be presented. 
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