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Abstract. The lifetime data analysis is often used in applied sciences especially in
physics, engineering and life insurance sector. In this respect the number of distributions have
been developed. This study introduced a Faisal distribution and further expressed its
mathematical and statistical properties including moment generating function, rht moment,
mean deviations, Bonnferoni and Lorenz curve, reliability measures (survival function, hazard
function, cumulative hazard function and reversed hazard function), order statistics, Reyni
entropy. It also discussed maximum likelihood method of estimation and real life data
applications of proposed distribution.
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Introduction

In applied sciences generally engineering, Physics, demography and insurance sector,
lifetime data analysis is crucial, under consideration the importance of lifetime data analysis
probability distribution like exponential, Gamma, Wiebull, Lindley and Rayleigh distributions
are utilizing. With the necessity of the time number of distributions taking part in lifetime data
analysis like Sujatha, Akash, Shanker, Shambhu, Aradhana, Suja, Amerandra, Ishita, Odoma,
Deyvia, Pranav and Rani distribution which are all of mixture formulation distribution. Lindley
(1958) distribution is respectively given as:

62 _
fi(y,0) = =1 +ye 9 y>0;6>0 (1.1)
Fi(y,0) =1-2"2¢70 y> 0,6 >0 (1.2)
The Lindley probability density function is a mixture of f; (y) as an Exponential (6) and £, (y)

62ye~?

Yoo . . .
asa Gamma(2,0) = —— With mixture proportions P; = % and P, = ﬁ is;

f1,0) =P f1(y) + Pf2(y) (1.3)
Shanker et al. (2013) introduced two parameter Lindley distribution which pdf and cdf defined
as;

0 -
fron@,8,0) =——(a+y)e™® y>0;0>0; ad > -1 (1.4)
—1_ by \ -6 . :
Frop(y,0,@) =1—(1+=2)e™® y>0,6>0;a0 >0 (1.5)

Shanker (2015) developed a new one parameter Shanker distribution which pdf and cdf defined
respectively following as;
62(6+y)e~bY

fsx(,0) =——F 17— ¥>0,6>0 (1.6)
Fse(7,6) = 1— {1+ =} y>0,6>0 (L.7)
Shanker (2016) Quasi Sujatha distribution pdf and cdf are defined as following:

fos(¥,8,a) = aef;z (@a+60y+0yHe™® y>0,0>0 a>0 (1.8)
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Fos(y,0,@) = 1= {1+ (222 ) e=07 3> 0,0>0,a>0 (1.9)

The Quasi Sujatha probability density function is a mixture of f;(y) as an Exponential (),

-6
f>(y) as a Gamma (2, 6) and f5(y) as a Gamma (3,68) = 933’;;  with mixture proportions,
0 0 2 e
P, = aejgu P, = — 013 and P; = — ot Shanker (2017) developed Suja distribution pdf
and cdf are;
05 _
f50,0) = iy (L +yHe™® y>0;6>0 (1.10)

2 3 4
Fos(y,0) =1 — {1 n 249y+12(93;)4:;:9y) +(0y) }e—ey y>0;0>0, (1.11)

Shanker (2017) developed a Rama distribution pdf and cdf are;

4
fau@,0) = o= (L +yHe™® y>0;6>0; a>0 (1.12)
2 3
Fr(y,0) = 1 — {1 4+ 2200V L o6y 3> 0,0 > 0,0 >0 (1.13)

Shanker and Shukla (2017) introduced Ishtia distribution pdf and cdf are;
03(6+y?)e 0y

fis(y,8) = ——Qn, — Y>060>0 (1.14)
Fis(y,8) = 1— {1+ 22860y >0, 6> 0 (1.15)
Mussie and Shanker (2018) propose two-parameter Sujatha distribution (TPSD) with mixture
2
proportions P; = #HBHPZ = ﬁ and P; = m. Shukla (2018) developed a Pranav
distribution pdf and cdf respectively are;
EI] 3),—-0y
foy,0) = L2y > 050> 0 (116)
Fp(y,0) = 1 — {1 + 2E2I300) o0y (1.17)

Shanker (2017) proposed Rani Distribution and discussed its properties and applications, pdf
and cdf such that;
65(6+y*)e=0¥

fr3,0)=——F— ¥y>060>0 (1.18)
3,43 2,,2
Fa(3,0) = 1 — {1 + UL H0 Y 120y 20} oy (119)

Shukla (2018) introduced a parameter name as Ram Awadh distribution pdf and cdf given as;
-6
fuly,8) = L2y 5 0,950 (L.20)

66+120
1 0y(0*y*+503y3+200%2y2+600y+120) —0y .
Fr(y,0) =1—{1+ = Je y>0;6>0, (1.21)

Shanker and Shukla (2019) proposed a two-parameter lifetime distribution named Rama-
Kamlesh distribution (RKD) pdf and cdf are;

gl+1(14yKk)e=0Y

fax 3 K, 8) = 6% +T(k+1) 0>0y>0, k>0, =0 (1.22)
: _ 1 _ {6Fa+yMe O kT (k6y))
ey fo0) =1 {6k+r(k+1)) (1.23)

Faisal Distribution (FD)
In this work proposed a mixture distribution (MD) function with pdf and cdf defined as
following respectively;
0k ( ak+yk—1)e=0¥

gup(; k,6,0) = ——o 6>0,y>0; k>0,a>-1 (2.1)
) _ {T(k,0y)+ (Ba)ke=0¥}
GMD()’, k; 0; a) - 1 - {(Ha)k+Fk} (22)
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(Ba)*
(8a)k+Tk

rk

The mixture distribution function is mixture of proportions P; = GaFiTE

and P, =

k. k—1,-6
with Exponential (8) and Gamma (k,8) = gyr—key distributions respectively. Where

I'(k, 8y) is an upper incomplete gamma function. The cumulative distribution function of the
exponentiated family of distribution proposed by Mudholkar and Srivastava (1993) is defined
as;
F()’; kr 9,(1, (P) = {GMD(y; k; 6; a, )}(p (23)
The exponentiated distributions proposed by Mudholkar and Srivastava (1993) due to the
impact of an extra shape parameter ¢ > 0 are more flexible than the traditional models.
Recently many exponentiated type distributions have been proposed in different studies which
are listed by Ahmad et al. (2019).
To obtain new distribution function named “Faisal distribution” putting (2.2) into (2.3)
which lead to new cdf and pdf of FD defined following respectively;

) _ {T(k,69)+ (Ba)ke=07} 4
FFD(yl k,6,a, (p) - [1 - {(90()"+Fk} (24)
_ _ _ {rk.6y)+ (Ba)ke=07} ¢-1 ok(gak+yk-1)e=0y _ )
fFD(y’ k,H, a, (P) =@ [1 {(ea)k+l"k} (Ha)k+Fk 0> O,y > 0, k>

0;a>-1;,¢>0 (2.5)
Where y(k, 8y) is incomplete lower function. If ¢ = 1 then the value of k=1 it reduced to
exponential distribution, for k=2; @ = 1 is it is one parameter Shanker distribution, eq. (1.6)
for k = 3,a = 1 is Ishtia distribution eq. (1.14) for k = 4; a = 1 it is Pranav distribution eq.
(1.16), k = 5; a = 1isRanidistribution eq. (1.18), k = 6; « = 1is Ram Awadha distribution
eq. (1.20), a = 0 it reduced to gamma (k, 9).

Expansion of Faisal distribution (FD)
We know that expansion series;

-y =32, )y @+yr=32,(7)
From pdf of FD (2.5);
T'(k,0y)+ (Ba)ke—0Y ¢-1 . — 1\ [Q\ /) (rK}i—J (Ga)k(j_l)e_(j_l)ey{y(k,ey)}l
|1 - e Co ] =zt (P 7 (5) 0) oo
Where y(k,0y) =T'(k) —T'(k, 08y);
Put in (2.5) have;
fFD(y; k,g,(l,(p) =

oy (@ — 1) (1) (J) C0T @wki-De Um0y (k,0y))' 0K(Oak+ykt)e=0¥
Ziji=o(~1) ( i )(l> (l) {@a)k+T0) (Ba)*+Tk 3D
— =Y k oo Fkyp H .
y(k'y) =e (y) szo F(k+p+1) pUt In (3'1)1

fFD(y; k,g,(l,(p) o ] ]
{l"(k)}l—] (Ha)k(j—l)e—(j—l+1)9y Hk( Hak + yk—l)

—6y (o) g0 LY
{e Y (6y) Zp=om}

- 2 (_1)l (<,0 l_ 1) (]l) (Jl) { (ga)k + r‘(k)}l'+1

i,j,1=0
fro (v k,0,a,9)

o 1 ; (] {F(k)}i—j ek(j—l) ak(j—l)e—(j—l+l+1)9y9(lk)(y)(lk) 9k
Y=o Q) _ NN Ak
i,j,1=0 ( i ) l) (Ha" +yk 1) {2p=0 (k)(0y) }

I'(k+p+1)

{(0a)* + T (k)31
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'{F(k)}i—j+l 9k(j—l)+lk+k a,k(j—l)e—(j+1)9y(y)(lk)

R 010 I NV

fFD(y; kr 91 (Z,(p) =

{(@a)k+T ()}
(D (k) Y+ gkU+1) k(=D g =(i+ 10y Lk

ij,l:o(—l)l(<ﬂi—1)(]i-)({) (eak+yk-1){z§o_0 ((Gy)P }z
L =vr

k+p+1)

i+1

; k’ 6) ) =
fro (Y a, @) (@@k+r(0)

From Gradshetyn and Ryzhik (2000), series evaluation;
(o] n o
{Zp=0 apyp} = Yp=0Dp(0y)P
1
Dy = a%); Dp = — Ln=1(np —-m+ p)apo—p

magp
Similarly;
w 0" V' co P
{Z,;:om} = Y=o Dp(6Y)7;
1 1 1

ap = F(k+p+1); Do
Putin (3.2)

fFD(y; k,9,a,<p) =

=ay Dy = m_ao ;;nzl(pl —-m+ p)apo—p

— 1\ (1) (]| TG+ gkU+D) g(=De=U+18Yylk( gk +yk=1) T2 D,,(6y)P
s (7)) S
Zl,],l_o( )( i ) (l) {(Ba)k+l"(k)}l+1

Where;

— 1. — L. —_1
U = trprn’ Do = a0 Dm = p=1(pl —m +p)a,Dy_yy

fFD(y; kr 97 a, (P) =
Z?O,l 0(_1)1 ((P _ 1) (Il) (]) {[‘(k)}i—]'” ak(j—l)( Hak+yk_1)2§,°=0Dp ek(j+1)+pylk+pe—(j+1)6y
1,],l= l 1

L {(@a)k+T ()
-1 _ 1. 1
(2 T(k+p+1) ) DO = Ay, Dm - m_ao Zl=1(pl -—m+ p)apo_p

a

Some Properties of Faisal Distribution

Moment generating function: The moment generating function of FD given as;

o) o0 -1 i j C(kN—J+L gk(G=D gk(j-D-T+1 ]
0 = B s (0 1) () () T 0+

U mi{ (0a)k+TK} ™ (j+1)lk+pr+k—1
m
1K1 (0a)* Tio DT (U + p + 7+ 1) + Eo DTk +p + k +1)] (5)
1 1
Where; ap = m; DO = af); Dm = m_ao ;n=1(pl -_m+ p)apo_p

Rth moments about origin: The rth moment about origin of FD defined as;

' e -1\t i—j+l k(=D gkG-D-r+1 _
b= S5m0 (071 () () e S0 G+

! (Ba)k+Tk} " (j+1)lk+ptrtk-1
1)k—1 (Ha)k Zzoz() Dpr(lk + p +7r+ 1) + Z;Ozo Dpr(lk + p k4 r)]

Where, a, = l"(Tp-l—l);

r=123,..
1%t four moment about origin are;

- [ i—j+1 ok(j=1) gk(i—D)
' = Z?,oj,lzo(—l)l (q) i 1) (;) (Jl) Ty i‘-xuj 6 [(] +

{(@a)k+Tk}  ~ (j+1)lk+p+k
DR (0a)* Yoo DTk +p +2) + Yoo DTtk +p + k + 1)]

1
Dy = aé; Dy, = mae ;nzl(pl -—m+ p)apo—p

(3.2)

(3.3)

(4.1)

(4.2)
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. o _ I (p _ 1 i ] {F(k)}i—j+l ak(j—l) ek(j—l)—l .
M2 = 2iji=o(=1) ( [ ) (I) (l){(ea)k+rk}”1(j+1)lk+p+k+1 G+
DF "t (0a)* Yoo DTk +p +3) + Yoo DTtk +p + k + 2)]

’ (o] -1 1 . i—j+l k(j-D gk(j-D-2 .
U3 =Zi,j,l=0(_1)l(<.0i )(;) (]l) (P} 31] k(i G4

{(90{)"+Fk} (j+1)lk+p+k+2
DR (0a)* Yy o DTk +p +4) + Yoo DTtk + p + k + 3)]

i et R oD
Hy' =Z?f}-,l=0(—1)l(‘/’i 1) C) (J) (M) D g0 (o

l { (Ga)k+I‘k}i+1(j+1)lk+p+k+3

DF "t (0a)* Yoo DTk +p +5) + Yoo DTtk +p + k + 4)]

_r . N __1 ym _
ThiptiD)’ Dy =ay; Dy = — p=1(@l —m+p)ayDy_p

Where; a, =
Mean deviations

Generally totality of deviations usually either from the mean or the median is measured
as the amount of variation in a population. These are known as the mean deviation about the
mean and the mean deviation about the median and are defined respectively;

1) = [V = plfep (V)dy (4.3)
n=E®) .
. (y) = fo ly — M|fep(y)dy (4.4)

M = Median(y)
The measure of ¢, (y) and ¢,(y) can be calculated as:

010 = [3 = Nfeo My + [ — W) fep Dy

= uF (W) ~ [y yfro My = ull = F] + [” yfeo (Ddy

= 2uF (W) — 20+ 2 [ yfrp(y)dy

= 2uF (u) + 2 [y yfro(y)dy (4.5)
920 = [, ly = Mlfep(y)dy

02 = [)'(M = Y feody + [, & = M) fiep (y)dy

= MF(M) — [ yfep()dy — M[1 = FD] + [7 yfep(y)dy

=2MF(M) - fOMyfFD(Y)dy - M+ f,\(,;YfFD(Y)dy + fooo Yfro (y)dy

== fOM}’fFD(Y)dy + f,\?,YfFD(Y)dy +u

=u—2J, yfrr)dy (4.6)
So by using pdf (2.4) found that;
u _vo (P —1 i) J\ {CG}—it gkU-D gkG-D
i vty = 25,00 (* 7 (5) () Mo (O
D (0a)* B Dpy{(lk +p +2), G + 101} + Xpo Dpy{(lk + p + k + 1), j + 1)6u}]

4.7)
where y(k,0u) lower gamma incomplete function
M o (@ — 1\ (D () TRy akU-D gkG-D
fo Yo (N dy = Xij1=0(=1) ( i )(I) (l){(Ba)k+r‘k}i+1(j+1)lk+p+k [(l +
D1 (0a) X o Dpy{lk +p +2), G+ DOM} + X5 o Dpyy{(k + p + k + 1), (G +
1)6M}] (4.8)
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where y(k + 1,0M) lower gamma incomplete function
Put (4.7) in (4.5) and (4.8) into (4.6) have following:

L) (]) (LN (@KUTD @)D /0¥ @ 3520 Dy (6P

p:1(y) =2 [ﬂ Ziju=o(= 1) (l)(l l {@ay+T ()}’

o — 1N\ (DN 77\ (TOOY-H okG=D gkG=D _ o
Fum D (P ) (1) () (G + 15 (8)* S0 Dy (U +p +

U {(0a)k+TK)™ (j+1)tk+p+k
2),G+D0u} + Xp=o Dpy{llk +p+ k+ 1), + 1)911}]] (4.9)
_ _ o N Q- 1 i ] {F(k)}i—j+l (a)k(j—l) (9)k(j—l)—1'+1
02(y) = — 2% =0(-1) ( i )(,) (l) (G ri) Vum (4.10)

1 lk+p+r
V= | Ok 550 () Dpr(Qk - p o+ 1), + DOMY +

j+1

- 1 \lk+p+r+k-1 .
z2o(-) Dpy{Qlle+p+7+10, G+ DoM)|
Where
_ 1 . — L. __1
a, = Tkipt)’ Dy = ay; Dy, = may ;,”=1(pl -m+ p)apo_p

{(lk+p+7r+k),(j+ 1)6M} Incomplete gamma function.

Bonferroni and Lorenz Curves

The Bonferroni and Lorenz curves by Bonferroni (1930) and Bonferroni and Gini indices
have utilized in economics to study the variation in income, poverty, also in other fields like
reliability, vital statistics, insurance and medicine. The Bonferroni and Lorenz curves are
defined as

B(p) = - [y ¥feo()dy (5.1)
= ﬁ fooo Yfrp(y)dy — i fqoo Yfrp (Y)dy

= —— [ e @)y

By using (2.5) pdf of FD find: _ N _ _

3@y = Zun-1 (07 V) () () L@ 0y g

k+p+

V, = [ (Ba)k 2, (ﬁ)l "Dy{(lk+p+7+1),G +1)0g) +

- 1 lk+p+r+k—1 )
£ (L) Dpy{Qlle+p+7+10, G+ 1Og)]

Put (5.2) into (5.1).
1 o @ — 1 i ] {F(k)}i—j+l (a)k(j—l) (9)k(j—l)—1’+1
B = =250 (? 7 1) (5) () —, (53)

[ {(0a)k+T(k)}
v, = [ 00)* 550 (- Dpy{(lk +p +7 +1),(j + 1)q} +
oo (75

lk+p+r+k-1
) Doy (ke +p +7+K), G + 1)6q}]
L(p) = J§ Yo ()dy
= ifow Yfep(y)dy — ifqoo Yfeo (y)dy
=1- ifqoo Yfro(y)dy (5-4)

)lk+p+r
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Put (5.2) into (5.4).
0 — 1\ [Q\ 7]\ {T)}YT+ (a)kG-D (g)kG-D-T+1
L) = 1- 25,0 (7T 1) () () =y, (55)

l 1{ (ba)k+T(k)}
lk+p+r
V= [ 00 Sio (5) Dy +p 7+ 1), G+ Dog) +
1 lk+p+r+k-1 .
50 (-5) Dpy (e +p+7+10, G+ DOg)]

Or both equivalent to B(p) = ﬁfop F(y) ldyand L(p) = %fop F(y) ldywhereq = F(p)~?!
The Bonferroni indices is defined as:

1
B=1-]; B(p)dp 56
Put (5.3) into (5.6) have,
— — 1\ () () TUOY—T*+ (a)kU-D (g)k(-D-T+1
B=1- l] I= 0( 1) ( ) (l) (l) {(Ga)k+1"(k)}i+1 V;I (5.7)

lk+p+
v, = [ (ea)k S0 (1) DUk +p+r+1),G+ Do) +

1 lk+p+r+k—1
Y=o (1+1) Dyy{llk+p+7r+k),(+ 1)9q}]
The Gini indices defined as following:
G =1-2; L(p)dp (5.8)
Put (5.5) into (5.8) determined as:
- i\ /j i—j+l (\kG=D (g)k(G—-D-T+1
G=1-2 ll = Ziju=0(=1)' ((p i 1) (I) (]l) = uf (Z:)hr(k(f})”l a 9)

k lk+p+r .
00 T (57)  Dev(Uk+p+7+1),G+1)0q}+

1 lk+p+r+k—-1 .
2p=o (]H) Dyy{(lk+p+7+k),(j+ 1)9q}]

Reliability Measures

There are different reliability measures namely Survival Function, Hazard Rate Function,
Cumulative Hazard Function and Reversed Cumulative Hazard Function.

Let Y be a continuous random variable with pdf frp(yv; k,0,a,¢) and cdf
Frp(y; k, 0, a, @) of FD. Then the Survival Sz, (y; k, 6, a, @), Hazard rate hpp (v; k, 0, a, @),
Cumulative hazard function CHpp (y; k,0,a, @) and Hgp (v; k, 6, @, @) Reversed cumulative
hazard function are given below.

Survival function:
Let Y be a continuous random variable with pdf frp(y; k,0,a,¢) (2.5 and cdf
Frp(y; k, 0, a, @) (2.4) of FD the Survival function obtain as:

Sep(v; k,0,a,0) =1—|1— {P(k,09)+ (Ba)ke=07}]?
(Vs k,6,a,¢) =

{ (Ba)k+Tk}
Hazard function:
Let Y be a continuous random variable with pdf. frp(y; k,0,a,¢) (2.5) and c.d.f.
Frp(y; k,0,a,¢9) (2.4) of FD. The hazard rate function known as the failure rate function
defined as:

P(Y<y+Ay|Y>y) _ f(¥)
hep(y) = 11_)0 Ay = 1Tro) (6.2)

By using (2.4) and (2.5) find as:

(6.1)

@ 0%( 8ak+y*=1)e=0Y[{ (a)*+Tk}-{T(k,0y)+ (tS’(Jt)kte_ey}](p_1
{ @a)k+Tk)? ~[{ (Ba)k+Tk)—{T(k,03)+ (Ba)ke=0¥}]?

hep(y; k,0,a, ) =
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Here note that:

hep (05, 0) = frp(0; , 6)

Cumulative hazard function:

Let Y be a continuous random variable with pdf fzp(y; k, 8, a, ¢)and c.d.f. Fep, (y; k,0,a, @)
of (FD) then the Cumulative hazard function defined as:

CHpp(y; k,6,a,90) = —In|F(y; k,6,, 9)| (6.6)
By putting (2.4) we have,

CHFD(y; k;e;a;(p) = _lnll -

Reversed hazard function:
Let Y be a continuous random variable with pdf fzp (y; k, 60, a, @) and c.d.f. Fep (y; k, 0, a, @)
of (FD) then the reversed hazard function defined as:
f(; k.6,0.9)
Hep(y) = Fly: kB.0.0) (6.8)
By putting (2.4) and (2.5) into (6.8) have found
) _ @ 0%(ak+yk—1)e—0y

Hep(y; .0, 0, 0) = raee g T iraeay s @ake=]

{ (Ba)*+Tk}—{T'(k,07)+ (ea)ke—ey}]‘/’

{ (Ba)k+Tk} 6.7)

(6.9)

Oder Statistics (OS)

The density function f (y(i)) of “ith” order statistics (i=1, 2, ..., n) from independent and
identically distributed (i.i.d), random variable y;,y,,...y,. The order statistics say as
Yy Y2), - Y the function of order statistics defined as:

f P4
Fo) = 22 -1 ( N iEeyr 1)
( ) @ 0k(9ak+yk-1)e=? 1)/ (Tl ]) [{ (Ba)*+Tk}~{T'(k,6)+ (Ba)ke =0} e+)-1
F®) = 5an- l+1){(90£)k+l"k} F2o(=1) {(6a)k+Tk}

Here B(i,n — i + 1) is the beta function. Here, present an expansion for the density function
of FD (2.1), frp(y; k, 0, a, @) and cdf (2.2) Fpp(y; k, 6, a, @) into (6.1) have pdf
The ith order statistics c.d.f is:

] . o ok _ a)ke—0 e(+i)
Flyo) = S Sing (-0 () (7 ) Lo Lo Gofe 2] 73)

For maximum order statistics put i=n, for minimum order statistics put i=1 in equation.

Renyi Entropy Measure

A popular entropy measure is Renyi entropy by Reyni (1961), an entropy of a random
variable Y is a measure of the variation of uncertainty. Let Y is a continuous random variable
having probability density function (FD) frp (y; k, 8, a, ), then Renyi entropy is defined as

Tre () = —5log{[;” f()° dy} (8.1)
Let fzp (y; k, 60, a, @) pdf of (FD) the Renyi entropy such that:
Tee(y; k.0, @, 9) = log{[;" fro (3 k.0, a,¢)° dy}

_ 6(p—1) k k1) .—0 )
— L o 5[, _ {fkoN+ @) e~} ok( 0ak +yk—1)e=0y
—1_510g{f0 ® [1 { (6a)k+Tk)} (6a)k+Tk dy

g8k+8 yké {F(k,e_’y)+ (ga)ke—ey} 8(p-1) yk—l 5
g [1- (1+%7) @

1
=—1
15 %6 { (9a)k+TK} { (6a)*+Tk}
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o [1 T+ @@)ke=0Y—y(k oy} °

{(0a)k+T (1)}
1)6 TGN @@)KU-De=D0¥ ()W 55, D, (8y)P
(@ - Q) p=0"p
P lel 0( ) ( i ) (l) {(ea)k+r(k)}
1 1
a, = m; DO = af); Dm = m_ao ;n=1(pl —-—m+ p)apo—P

(1452 gz (o

f 25,0 (0 70 () ) \|
— T510g< fooo 96k+6—11+]'k+pak(8—q+]—l){r(k)}l—]+le—]9yszoDp(y)lk+pZaozo(‘;)yq(k—l)e—esy dY$
\ {@ayk+1(0)™° J
[ 050D (PO D(E) )
— L10g< [z : q+l gsk(+5 ql+Jk+2ak(8 EB h) yi
-5 0 [{F(k)}‘ LD ¥ =0 p,, (y)le+p+atie= 1)e-e(J+5)y] |
\ { (9a)k+r(k)}”5 )

PUtO( + &)y = ¢

(07 Ziiaana 0! ("7 0) () ) Q)

@8k+8-q+jk+p o k(6—q+j- l)Dp

~~

1
= Blog< [{F(k)}i—jﬂzzozo

f(;” thktp+ak-1)+1-1,-t dy

\ (0(j+8)}k+pratk-1)] (ea)k+r(k)}i+8 )

0 2500 (P 7 2) () ) ()

k(8+j—q—1)+8 o k(5—q-+j-1) >
i—j+ly00 9
[(Fk) Zp=0 " p,I(k+p+q(k—1)+1)

L (j+&)k+prat-1{ (ga)k+Tk} +° )

1
= ralog<

(8.2)
Maximum Likelihood Method

Let be a random sample yy, y,, ...y, from fep(y;; @, 0, @, k) (FD), then the Maximum
Likelihood (ML) function defined as:

. — I {T(k,0y)+ (0a)ke=07}]P ™ 0k (gak+yk—1)e=67
Ly; @.0,0.k) =1lizo @ [1 {(@a)k+Tk} (8a)*+Tk (9.1)
InL(y;a,8,¢,k) =nlng + (¢ — DI, In[ ()< (1 — e79%1) + y(k, 0y,)| + nkind +
Yioln(0ak +y, K1) — 0 X oy — ne In{ (6a)* + Tk} _ (9.2)
AInL(y;a,0,9,k) n | @O (1-e" D)+ () (ok1emoiy 2B
06 - ((,0 1) Zi=o [((0a)k(1-e~0Yi)+y(k,07))] -+ I} +
n o __a yn o _ne @k @)
=0 (8ak+y;k-1) i=0Yi { (6a)k+Tk} (:3)
anL(y;a.0,p.k) _ — (p-1)3" (@K (0)K(1-e~97i) Ly kak=1  ngak~1k (6)*
da =01 (9a)k(1-e=0Yi)+y(k,0y))] 1=0 (ggk4yk-1) { (8a)k+Tk}
(9.4)
%‘:ﬁ‘m + Y ln[ (Ha)"(l — e‘93’i) + y(k, Hyi)] —nIn{ (6a)* + 'k} (9.5)
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[ (Ba)k ln(@a)(l—e‘%ﬁ).;%]

k—1
alnL(y;a,0,¢,k) ( 1) Zn Zn Oak In(a)+y; In(y;)

ok [ (0a)k(1—e=0Y)+y(k,6y))] (8ak+y;k-1)
By *in(a)+3E
{ a)in(a } (9.6)
{ (6a)k+Tk}
dinL(y; 0,a,k) dinL(y; 6,a,k) olnL(y; 8,a,k) _

By putting (9.3), (9.4), (9.5) and (9.6) as
0, 6lnL(21ip9,a,k) —0
The (9.3), (9.4), (9.5) and (9.6) natural log likelihood equations do not seem to be solved
directly because they are not in closed form, so the Fisher’s scoring method can be applied to
solve.
9%InL(y;a,0,¢,k)

da? (
DI, [@a)*(1-e=01)+y (k,8y0)] (@)* 2k (k-1) (O)*(1- e“’yt) {@* 1k ()% (1~ e“’yt)}
= [ (Ba)k(1-e~07i)+y(k, 93/1)]
n (0ak 4y kak1-(ka*=1)"  ne{(@a)*+Tk} ak1k (O)c—{ a*1k ()}

=0,

a0 Ja ok

n 9.7
i=0 ( 9ak+yik_1)2 { (Qa)k+Fk}2 (.7
%InL(y;a,0,0.k) _
202 =(p-
[(ea)k(l—e'eyi)+y(k,9yi)][ (xk(k—l) ek—l{e(k_ke—gyl‘+e—9yl‘)+e—9yl'}+621/§’;29yi)]
2
B [ 0873 (1e0%0) 1k Kt 2205020 ok _
=0 [ @)k (1-e~8¥1)+y (e, 07)]” o
, a2k _ ne{ (0a)*+Tk}a kk(k-1)0 k=2 -{ akk ek_l}z (9.8)
=0 Coa sy 1) (Gayeriy |
%InL(y;a,0,0,k) -n
0p? - 9? &9

[¢ (Ga)k(l—e_eyi)+y(k,6yi)}{ (Ha)k{ln(ea)}z(l—e_gyi)+%}]

2
9%InL(y;a,0,9,k) =(@-DX! [ _{ 6k 1n(9“)(1‘3_9yi)+%‘:m} J +
ok2 i=0 [ (Ba)k(1-e~0%i)+y(k,0y,)]"
n (8ak+y 1)[0a*{In a}?+y;* {In(y)}?]-{#a” In a+y;*1 ln(J’i)}z _

1=0 (0ak+yk-1)?
nof (ea)"+rk}{ (Ha)k{ln(ea)}2+a;kl;k} {(6a)¥1n(0a)+ (9.10)
{ (8a)k+Tk} '
[ {0a)*(1-e70Yi)+y(k,0y)H{k(1-e79Vi)+eOVi}k ak-1 gk-1 l

av (ko
— ok ek(l_e—eyi){ akk 0%=1(1-e=%i)+ (@)k gk~1e=0Yi y(aeyl)}

BFk}

olnL(y;a,0,¢p,k)

= 1)y +
900a = (¢~ 1Dz [(Ha)k(l—e_Gyi)ﬂ/(k,@yi)]z
n _kakTlykt  ngk? 00k (0 +T- ak Tk 04) (9.12)
i=0 ( Bak+yik_1)2 {(Ha)k+Fk} .
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dinL(y;a,0,0.k) (

000k
Il {6 (1-e7i)+y (kOyD}x Il
I k k —1(4__-0y; k ~1,-0Y; ay(k.6;) I
| |(@@*In@@)k+ (0274} (0)7(1-e~81)+ (0@)* In(0a) 6 2| |
. l—{ (Ga)kln(Ba)(l—e_eyi)+_ay(’;"’fyi)}{ akk k=1 (1-e~0i)4+a k gk-1¢-6¥i +BY("9Y‘)J nk
P= + 4
) 2iso [(Ga)"(l—e‘eyl)w(kﬂyi)] 6
n gk v _ng akk gk-1 _
i=0 ( eak+yik—1) i=0Yi {(90{)"+Fk} (9-12)
olnL(y;a,0,9,k) ( .
dadk N
{(@a)*(1-e7971)+y (k,0y)}{(@) 1k (B)* In(Ba)+a~t (8a)*}(1-e~9Vi)-
. { (Ga)k ln(ea)(l_e—Gyi)_l_aY(’;':yi)} ak_lk Gk(l—e_eyi)
1) - +
) Zl_o [(Ba)k(l—e_eyi)+y(k,9yi)]2
n (8d*+y*Vka* lina+ak—1}-(9akina+y*Liny;)kak1
=0 (Bak+y; k—l)z -
ne{ (Ba)*+Ik}{a "1k (Ba)*In(6a)+a~t (Ba)k}- n(p{ (90()"1n(6a)+ark} ak-1k gk (9 13)
{ @)k +TK) '
dInL(y;a,0,9.k) _ 27.1 akk Hk_l(l—e_eyi)+ ak Hk_le_eJ’i+_ay(’;'gYi)] o aki gk-1 (9 14)
990 - [((0a)k(1-e=0Yi)+y(k,67))] { (6a)k+Tk} '
—_ov.\  9v(kOBy;
dInL(y;a0,0,k) n (Oa)kln(ea)(l—e 93’1)+Y(Tyl) 3 n ak=1k (6)k (9 15)
dpoa TA=0 [(Ba)k(1-e7Yi)+y(k,0y))] { (8a)k+Tk} '
L 0.9K) _ <om (Ga)kln(ea)(l—e'gyi)+% _ n{ (Ba)kin(0a)+5} (©.16)
dpak T AE0 T [(Ba)k(1-e7 Y1) 4y (k,0y))] { (6a)k+TK} '

{% Fk} is digmma function
The iterative solution of the equations (9.7) to (9.16) using matrix given following will
be the MLEs 8 &, @ and kof parameters 6, a, ¢ and k of FD.

ro2inL(v;a,0,0,k) 0%InL(y;a,0,0,k) 0%InL(y;a,0,0,k) 0%InL(y;a,0,¢,k)]
002 koo dadb dpd6
%InL(y;a,0,0,k) 0%InL(y;a,0,9,k) 0%InL(y;a,0,¢,k) 092%InL(y;a,0,9,k)
000« da? 0kda dpoa
0%InL(v;a,0,0.k) 9%InL(v;a,0,0.k) 0%InL(v;a,6,0.k) 90%InL(y;a,0,9.k)
000k dadk ok? dpdk
02inL(y;a,0,90,k) 0%InL(y;a,6,0k) 0%InL(y;a,0,0k) 2InL(y;a,0,0,k) |08=0,
B 000¢ dadp koo 02 la=ayq
k=l
P=9o
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rolnL(y; 6,a,k)
~ a0
0 — 00 dlnL(y; 6,a,k)
a—ao| _ Ja
| k- ko | dlnL(y; 0,a,k)
lA J ok
P = %o dInL(y; 6,a,k) 19=6,
dp la=qa,
k=k0
2 ¢=¢0 2 2 2
0<InL(y;a,0,¢,k 2<InL(y;a,0,¢,k 0<InL(y;a,0,p,k 0<InL(y;a,0,¢,k
We Know that: (y;a,0,0 )= (y @ ); (y;0,0,0 )= (y;a,0,¢ );
dpadk 0kde 000¢ 0pdl
%InL(y;a,0,0.k) _ 9%InL(y;a.0,9.k), 0%Inl?(y; 0,a,k) _ 02%Inl2(y; 6,a,k), d%InL(y;a,0,0.k)
dadp - dgda ' dadk - dkda ' 900a -
9%InL(y;a,0,9,k). 9%InL(y;a,0,90,k)  9%InL(y;a,0,¢,k) ..
oL, )l ;:::= ::::_I n r|n|||V| f
590 ; YT T ; also 8y, ay, ko and ¢, are initial values o

parameters of 6, «, k, and ¢ of FD respectively.

Application

Data set 1. The data set is the strength data of glass of the aircraft window reported by
(Fuller et al.,1994) and are given as 18.83, 20.80, 21.657, 23.03, 23.23, 24.05, 24.321, 25.50,
25.52, 25.80, 26.69, 26.77, 26.78, 27.05, 27.67, 29.90, 31.11, 33.20, 33.73, 33.76, 33.89, 34.76,
35.75, 35.91, 36.98, 37.08, 37.09, 39.58, 44.045, 45.29, 45.381.

Data set 2. By Lawless (1982), the data given arose in tests on endurance of deep groove
ball bearings and data are the number of million revolutions before failure for each of the 23
ball bearings in the life tests and they are following: 17.88, 28.92, 33, 41.52, 42.12, 45.6, 48.8,
51.84, 51.96, 54.12, 55.56, 67.8, 68.44, 68.64, 68.88, 84.12, 93.12, 98.64, 105.12, 105.84,
127.92, 128.04, 173.4.

In order to compare lifetime distributions, K-S Statistics (Kolmogorov-Smirnov
Statistics), Person Chi square and Anderson Darling statistics for the above data set have been
computed their statistics defined respectively.

Kolmogorov-Smirnov statistics:

K =S = Supu)|F(y) — Fo(y)]

E, (y)=empirical distribution, n= sample size
Anderson Darling statistics:
A2=-n-S§
Where § = ¥7,(2i — 1)/n[InF(y;) + In{1 = F Yns1-9)}]
F is the cumulative distribution function of the specified distribution and y; are ordered data.

Cramer Von Mises statistics:

Let y;,¥,, ...y, be the (independent and identically-distributed) random variable have
continuous distribution with cdf F(y), the Cramér—von Mises test statistic based on following
statistic

[e%) 2
WE[P(FO)] = [7 7 VntF(v) — FONY w(F(y))dF ()
Here F,(y)is the empirical distribution function constructed from the sample size n and
w(F(y)) is a certain nonnegative function defined and integrated on the interval [0, 1].

Simplified as;
1 2i—-112
Wi =—+30, [Fye) -5

2n
Here y1) < y@) < *** < Y is the varied series based on the sample y,, y,, ... Y.
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Table 1. The MLE’s, K-S statistics, Anderson-Darling and Cramer Von Mises
statistics values using data set 1

o , K-S Anderson | Cramér-von
Distributions MLE’s statistics | -Darling Mises
] @ k [
FD 0.31329 | 0.12623 | 6.52459 | 4.849 | 0.12521 | 0.41508 0.0796
Ram Awadh | 0.19473 0.19768 | 2.00445 0.3026
Suja 1.65272 0.22321 | 2.54007 0.4048
Pranav 0.12978 0.25346 | 3.24745 0.5479
Akash 0.09706 0.29463 | 4.19329 0.7488
Three PLD 0.06489 | 0.0210 | 2.00 0.35866 | 5.69565 1.0985
TPLD 0.06488 | 0.0100 0.35865 | 5.69540 1.0984
Lindley 0.06298 0.36545 | 5.87165 1.1389
Exponential | 0.03245 0.45862 | 8.52724 1.7882
006 -
...... Data
i D
L ——— RamAwadha
Qija
L __ Pranav
Akash
04 - __ ThreePLD
L —_TAD
: —_ Lindey
/ — BExporential

002 +

,,,,,,, RTIL I I

20 40 60

Figure 1. Goodness of fit of distributions with data set 1

Table 2. The MLE’s, K-S statistics, Anderson-Darling and Cramer Von Mises
statistics values using data set 2

Distribution MLE’s K-S Anderson | Cramér-
S statistics | -Darling | von Mises
6 a k ¢
FD 0.03229 | 10007.8 226.6 | 5.28 | 0.10579 | 0.18710 0.03219
Ram Awadh | 0.08306 0.16138 | 0.69845 0.10593
Suja 0.06922 0.13715 | 0.38168 0.06505
Pranav 0.05537 0.12269 | 0.21403 0.03884
Akash 0.04151 0.11834 | 0.29785 0.04633
Three PLD | 0.02768 | 0.0000015 | 559.1 0.18862 | 0.87705 0.14034
TPLD 0.02768 | 0.0000002 0.18862 | 0.87705 0.14034
Lindley 0.01476 0.42306 | 7.44291 1.58167
Exponential | 0.01384 0.30676 | 2.81422 0.53689
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Figure 2. Goodness of fit of distributions with data set 2

Conclusion

The new proposed Faisal distribution is a life time data analysis distribution is a complete
pdf with four parameters are a, 8, ¢, and k. if ¢ = 1; then for the value of k=1 it reduced to
exponential distribution, k=2; a = 1 is it is one parameter Shanker distribution, k = 3,a = 1
is Ishtia distribution, k = 4; a = 1 itisPranav distribution, k = 5; @ = 1 is Rani Distribution,
k=6; a =1 is Ram Awadha distribution, « = 0 it reduced to gamma (k,8). Further
discussed properties including moment generating function of FD, rht moment, first four
moment about origin, mean deviations about mean and median, Bonnferoni and Lorenz curve,
reliability measures (survival function, hazard function, cumulative hazard function, reversed
hazard function), order statistics, Reyni entropy also likelihood estimation method. From Table
1 observed the FD distribution have K-S statistics, Anderson-Darling and Cramer VVon Mises
statistics values minimum then other available lifetime distributions also from Table 2 similar
results obtained. The graphical representation of goodness of fit with data showing in Figure 1
and Figure 2, better fitness of FD then other distributions with real life data applications.
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